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(1) Let 𝑋 be a Riemannian spin manifold. Let 𝑌 ⊂ 𝑋 be an oriented submanifold. Work out
how to restrict the spin structure of 𝑋 to 𝑌 ! Which problems might arise restricting spin
structures in the pseudo-Riemannian case?

(2) Explicitly describe the two spin structures on 𝑆1! Which one is the restriction of the
unique spin structure on 𝐷2?

(3) Let (𝑉 ,𝑔) be a Euclidean vector space. Let (𝑆,𝛾) be a Cℓ (𝑔)–module. Let 𝑏 be a bilinear
form with respect to which 𝛾 (𝑣) is skew-adjoint for every 𝑣 ∈ 𝑉 . Define ·̃ : 𝔬(𝑉 ) → 𝔬(𝑆)
by

�̃� ≔

𝑛∑︁
𝑖=1

𝑔(𝑎𝑒𝑖 , 𝑒 𝑗 ) [𝛾 (𝑒𝑖), 𝛾 (𝑒 𝑗 )]

for (𝑒1, . . . , 𝑒𝑛) an orthonormal basis. Check that this does not depend on the choice of
orthonormal basis. Determine the relation between

[�̃�, 𝛾 (𝑣)] and 𝛾 (𝐴𝑣).

(This underlies the discussion of the refined Weitzenböck formula in the lecture notes.)

(4) Let (𝑋,𝑔) be a connected spin manifold. Denote by (𝑆,𝛾, 𝑏,∇) the corresponding Dirac
bundle. Prove that 𝑔 is Ricci-flat if there is a non-zero 𝜙 ∈ Γ(𝑆) with ∇𝜙 = 0. (Hint: Deter-
mine a formula for the curvature of ∇ based on the discussion of the refined Weitzenböck
formula.)

(5) Establish a pullback diagram

SpinU(1)𝑟,𝑠 Spin𝑟,𝑠+2

SO+
𝑟,𝑠 × U(1) SO+

𝑟,𝑠+2.

Use this to prove that 𝑉 admits a spinU(1) structure if and only if there is a Hermitian
line bundle 𝐿 such that 𝑉 ⊕ 𝐿 admits a spin structure. Finally, prove the following.
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Proposition 0.1.

(a) 𝑉 admits a spinU(1) structure if and only if𝑤2(𝑉 ) ∈ im(H2(𝑋,Z) → H2(𝑋,Z/2Z) if
and only if𝑊3(𝑉 ) = 0.

(b) If 𝑉 admits a spinU(1) structure, then the set of spinU(1) structures is a torsor over
H2(𝑋,Z).

(6) Suppose that 𝑉 admits a spin structure. Describe the set of all spin structure on 𝑉

inducing the same spinU(1) structure. Describe the of all spinU(1) structures on 𝑉 with
trivial characteristic line bundle.
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