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Abstract

This article equips the universal moduli spaces of non-degenerate Z/2Z harmonic spinors
with the structure of a tame Fréchet manifold and proves that the projections map to the
parameter space is uniformly Fredholm. This recovers earlier work of [Donzia; Par23;
Tak23] in a unified framework.
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1 Introduction

More than a decade ago, Taubes and his disciples began to observe that the failure of compactness
for a wide variety of “new” low-dimensional gauge theories leaves behind evidence in the form
of a Z/2Z harmonic spinor [Tau13a; Taui13b; Tau16; Tauiy; Tauz2; HW15; WZ21]. The latter
have since appeared in related questions in gauge theory and calibrated geometry [Taui4; Doniy;
DW21; He23], and might to play a role in the conjectural construction of invariants of manifolds
with special holonomy [DS11; Hay17; Joy18; DWig; DW24].

In light of the above it seems pressing to understand what kind of a phenomenon of
the existence of Z/2Z harmonic spinor is; in particular, whether it persists under (small)
deformations of the background parameters. This question of the deformation theory of Z/2Z
harmonic spinors has been approached before in the work of Donaldson [Donzia], Parker
[Par23], and Takahashi [Tak23]. The purpose of this article is to develop it in a unified framework
building upon [BW25] and a suggestion by Donaldson [Donz21b].

Throughout the remainder of this article, let X be a connected closed manifold of dimension
d, and S a Euclidean vector bundle of rank r over X. Denote by Met the tame Fréchet manifold
of Riemannian metrics g on X, by Dir the tame Fréchet manifold of Dirac bundle structures
p = (g;v,V) on S (as in [LM8o, Part II Definition 5.2] and Section 2), and by Ram the set of
isometry classes of ramified Euclidean line bundles [I] over X. The goal is to equip the universal
set of (non-zero) Z/2Z harmonic spinors (up to scaling)

PHarm := U Pker(DII, : H'T(X\Br(I),S® ) — L*T(X\Br(l),S ® I))
(p,[1]) eDirxRam

with some geometric structure and understand the nature of the projection map pryy;.: PHarm —
Dir. Here Dll, denotes the Dirac operator associated with p twisted by [, and P denotes the real
projectivisation; that is: PV = (V\{0})/R*. This structure would upgrade the set PHarm to
the universal moduli space of Z/2Z harmonic spinors.

The present article does not deal with PHarm itself, but only with the subset

PHarm" C PHarm

consisting of Z/2Z harmonic spinors (p, [1]; [®]) which are non-degenerate in the following
sense:



(1) the branching locus Br(I) C X is a smooth submanifold, and

(2) |®| vanishes exactly to order 1 at every x € Br(1); that is: |®| =<¢ r'/2. Here r denotes the
distance to Br(I).

The first restriction is imposed because Ram is rather wild and it is far from obvious what
structure to put on it, unless d = 2, see [TW22, §3.1]. The subset Ram C Ram of isometry
classes of ramified Euclidean line bundles [I] with smooth branching locus Br(I), however, can
be equipped with the structure of a tame Fréchet manifold in a straightforward manner. With
this in mind, it is natural to try to equip PHarm" with the structure of a tame Fréchet manifold.
As explained above, the crucial difficulty is that DII, : H'T(X\Br(1),S®I) — LT(X\Br(l), S®1)
is left semi-Fredholm but has an co-dimensional cokernel, and the naive expectation is that this
can be compensated by allowing Br(I) to vary. Indeed, provided |®| vanishes exactly to order %
along Br(I), this additional variation essentially corresponds to passing to a closed extension
of D},. If rk S = 4, then this extension is Fredholm. This observation and a suitable framework
enable Nash—Moser theory to prove the following.

Theorem 1.1. [fdim X = 3 and rk S = 4, then PHarm" can be given the structure of a tame Fréchet
manifold such that prp,.: PHarm" — Dir is uniformly Fredholm of index —1.

The notion of a uniform Fredholm map between tame Fréchet manifolds is defined in
Definition 4.1. Crucially, by Proposition 4.3, it is stable under transverse base change. In
particular, if B is a (finite-dimensional) manifold and I': B — Dir is a smooth map which
is transverse to prp,,, then the pullback I''PHarm" is a manifold of dimension dimB — 1. In
this sense, the appearance of Z/2Z harmonic spinors is a codimension one phenomenon in
dimension three.

Remark 1.2. If dim X = 2, then Ram is finite-dimensional, which drastically simplifies the issue.
The analogue of Theorem 1.1 in this setting is essentially [DW24, Theorem 3.40]. )

Remark 1.3. Theorem 1.1 is essentially [Par23, Theorem 1.5]; see also [Tak23, Theorem 1.5]. The
proof of Theorem 1.1 presented in Section 4.3 is based on a suggestion by Donaldson [Donz21b]
and rather simpler than the argument given in [Par23]. &

Remark 1.4. The restriction to PHarm" is not unproblematic, since it prevents prp,. from being
proper; cf. [TW22, §1.4]. Therefore, it would be interesting to analyse what happens if the
non-degeneracy condition is relaxed either by allowing Br(I) to be singular or |®| to vanish to
a higher order at certain points in Br(I). [HMT23] contains some initial work in the direction
of allowing Br(I) to be a graph. *

Remark 1.5. The tame Fréchet manifold structure on PHarm" is obtained by exhibiting it as
a tame Fréchet submanifold of the projectivisation PEy, of a tame Fréchet space bundle Eg,
over Dir X Ram. Moreover, locally, PHarm" can be thickened to a submanifold PHarm! C PE,
such that 7" := prp, (PHarm') is open and pry,: PHarm! — % is a uniform submersion. This
additional information can be useful to determine pullbacks of PHarm* along tame smooth
maps that fail to be transverse to prp;,. *

The argument in the proof of Theorem 1.1 is somewhat robust to the addition of mild



lower-order terms. As an application one obtains the following result regarding

PEig" := U P{CD € H'T(X\Br(I),S ® I) : ® satisfies (2) and DLCID = /ch)},
(p,[1],A) eDirxRamxR

the universal moduli space of non-degenerate Z/2Z eigenspinors.

Theorem 1.6 (cf. [Par23, Corollary 1.6]). If dim X = 3 and rk S = 4, then PEig* can be given the
structure of a tame Fréchet manifold such that pry,, : PEig* — Dir is uniformly Fredholm of index
0 and the projection map A: PEig* — R is smooth.

Of course, PHarm* = 171(0) C PEig".

The hypothesis rk S = 4 is essential in the above. As is explained at the end of Section 3.7,
the infinitesimal deformation theory of non-degenerate Z/2Z harmonic spinors at (p, [I]; ®) is
governegl by the Dirac operator DlIJ subject to a residue condition arising from the inclusion
NZ — S, of the normal bundle of Z into the bundle of possible residue values, encoding the
leading order behaviour of ® at Z. For this residue condition to be elliptic it is necessary that
2=1kNZ = %rkg = %rkS.

Ifdim X > 4, thentk S > 8 for every Dirac bundle S; however, if X is oriented and dim X =0
(mod 4), then every choice of p € Dir orthogonally decomposes S into

S=S"®S" with S$*:=ker(¢e¥1) and ¢:=y(voly);

moreover, for every [1] € Ram, D}, decomposes accordingly as

0 Dy
D} = P
P (D};+ 0 )

The universal set of (non-zero) chiral Z/2Z harmonic spinors (up to scaling)

PHarm® := U Pker(Dl‘;i : H'T'(X\Br(I),S* ® I) — L*T(X\Br(1),S* ®1))
(p,[1]) eDirxRam

contains the subset
PHarm®™* C PHarm™

of non-degenerate chiral Z/2Z harmonic spinors (up to scaling). The restriction of the closed
extension of D}, considered above leads to a closed extension of DII,’J" which is Fredholm if
rk S = 8. The proof of Theorem 1.1 adapts with minor cosmetic modifications to establish the
following result.

Theorem 1.7. If X is oriented, dim X = 4, and tk S = 8, then PHarm™" can be given the structure
of a tame Fréchet manifold such that prp,,. : PHarm™* — Dir is uniformly Fredholm.

Remark 1.8. If X is oriented, dim X =4, and rk S = 8, then ¢ := y(voly) is the unique chirality
operator on S up to sign. Indeed, if § is another chirality operator, then it commutes with ¢;
therefore, ¢ = ¢d is a Clifford linear self-adjoint parallel and, hence, by Schur’s Lemma § = +¢.
In particular, there is no additional loss of generality in the above setup. *



Remark 1.9. The index of prp,;. in Theorem 1.7 is given by the index of the relevant closed
extension of Dl[,’i minus one. The latter is unknown to the authors at present, but it is expected
to be given by the index of D plus a contribution 6(S, I) that localises on Br(I); that is, by brief
computation using the Atiyah-Singer index theorem [AS68, Theorem 5.3]:

index DY = —%pl(Si) +o(X) % %e(TX) +5(S.1) = —ipl(S) +o(X) + 8(S.1).

Remark 4.34 explains this index computation and how to determine §(S, ) in a special case. &

The above results (and their proof) can be brought to bear to Z/2Z harmonic forms as
follows. Assume that dimX =3 and S = R @ T*X. For every g € Met there is a Dirac bundle
structure on S whose associated Dirac operator is

_ (0 d7) . o 1 0 1
D, = (d *d) . Q%(X) @ QLX) — Q°(X) @ Q'(X),
a truncation of the Hodge—de Rham operator d + d*: Q*(X) — Q°*(X). This defines a tame
smooth map iqr : Met — Dir. By integration by parts, if (f,«) € Q°(X,1) ® Q(X,]) is Z/2Z
harmonic, then f = 0—except in the edge case Br(I) = @, which shall be disregarded in the
remaining discussion. Therefore, the pullback

PHarmy,, := i, PHarm"

is the universal moduli space of non-degenerate Z/2Z harmonic 1-forms. Although iyy4r is not
transverse to pr: Harm* — Dir, the theory underlying the proof of Theorem 1.1, see Remark 1.5,
provides detailed information on PHarm,, and the projection map pry,,: PHarm;, — Met.
There is a finite rank vector bundle #! — Met X Ram whose fibre over (g, [1]) is #Z(g,1),
the space of L? harmonic 1-forms a € L2Q!(X, ). A singular version of Hodge theory [Tel83]
induces an isomorphism #1(g, 1) = HéR()N( )~. Here X — X denotes the branched double cover
induced by I and the superscript indicates taking the anti-invariant part with respect to the

sheet-swapping involution. Evidently, there is a canonical inclusion map j: PHarm, < P# L

Theorem 1.10. Ifdim X = 3, then PHarm(, can be given the structure of a tame Fréchet manifold
such that:

*

(1) pryec: PHarmg

. — Met is a uniform submersion, and

(2) J is smooth and induces an isomorphism TPHarm_,, /Met = J*TPZ'/(Met x Ram) of the
vertical tangent bundles.

In particular, the index of pry at (g, [1]; @) € PHarmy,, agrees with dim H(liR(X)_ -1
Remark 1.11. Theorem 1.10 recovers [Donz21a, Theorem 1.1] in dimension three. The proof of

Theorem 1.10 presented in Section 4.6 is different from the proof in [Donz1a], but, of course,
related to the alternative proof of [Donz21a, Theorem 1.1] mentioned in [Don21b]. )

Remark 1.12. The vector bundle #! has a flat Gaufi—Manin connection. In particular, if % C
Met x Ram is a simply-connected neighbourhood of (g, [I]), then it induces a trivialisation



H\y = H(liR()N()_. As a consequence of Theorem 1.10, every (g, [I]; [@]) € PHarmy,, has an
open neighbourhood % C PHarmy,, such there is a well-defined local period map Per: % —
H(liR (X)~ and Pryvet X Per: % — Met X H<11R (X)~ is an open embedding. This formulation is
closer to the one found in [Donzia, Theorem 1.1]. )

There is a variant of the preceding discussion assuming that dimX = 4, X is oriented,
and S = R ® A*T*X @ T*X. For every g € Met there is a Dirac bundle structure on S whose
associated Dirac operator is

0 d +Ved
Dy=| d* 0 0 |: 2'X)eQ"X)eQ"(X) - Q' (X)e Q" (X) e Q" (X).
V2dt 0 o

This defines a tame smooth map iygr: Met — Dir. A brief computation shows that

*

PHarmg,, = zI’fIdRPHarm+’* and PHarmg, := i, PHarm™

are the universal moduli spaces of non-degenerate Z/2Z harmonic 1-forms and self-dual 2-
forms respectively. There are finite rank vector bundle #' — MetxRam and #* — MetxRam
whose fibre over (g, [[]) are (g, 1), as above, and #* (g, 1) the space of L? harmonic self-dual
2—forms a € L2Q* (X, 1). As before, #1(g,1) = H(liR(X)_; moreover, # * (X, gl) is isomorphic
to H3p (X)~, a maximal subspace of HiR()N( )~ on which the intersection form is positive definite.
There are canonical inclusions j: PHarm;, < P#"' and j: PHarmy, — PZ™.

Q
Theorem 1.13. Ifdim X = 4, then:

(1) PHarm,, can be given the structure of a tame Fréchet manifold such that:

(a) prye: PHarmy, — Met is a uniform submersion, and

(b) J is smooth and induces an isomorphism TPHarm_,, /Met = J*TP ' /(Met X Ram).
In particular, the indices of pry. at (g, [1]; &) agrees with dim H(llR()Z)_ - 1.
(2) PHarmy,, can be given the structure of a tame Fréchet manifold such that:

(@) prye;: PHarmy,, — Met is a uniform submersion, and

(b) j is smooth and induces an isomorphism TPHarmy,, /Met = j*TPZ* /(Met X Ram).
In particular, the indices of pry. at (g, [1]; &) agrees with dim HgR()Z)_ - 1.

Remark 1.14. The assertion about PHarm,,, is again nothing but [Donz1a, Theorem 11] in
dimension four. At least, the assertion about PHarm*Q+ is novel. &

Preliminaries This article is based on the theory of tame Fréchet manifolds as developed by
Hamilton [Ham82]. Readers are assumed either to be familiar with this subject or to be willing
to accept it as a black box. It should be pointed out that, as a small deviation from [Ham82],
instead of [Ham82, Part II Definition 1.3.2] the following definition is in effect.



Definition 1.15. A graded Fréchet space (F, (||-|/x)ken,) is tame if it has the smoothing operator
property; that is: there is a family of smoothing operators (S, : € € (0,1)) on F such that:

(S1) Foreverye € (0,1),k,f € Nywithk > f,andx € F

-k
[1Sexlk < € [lxle.

(S2) Foreverye € (0,1),k,£ € Ngwithk < £,andx € F

e~k
1(Se = Dxllie < & " lIxlle.

(S3) Foreverye € (0,1),k,£ € Ng,and x € F

EHaeSeka < E[_kaHt" *

This is a weaker condition than [Ham82, Part II Definition 1.3.2], but sufficient for the proof
of the Nash—Moser inverse function theorem [Ham82, Part IIl Theorem 1.1.1].
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Thibault Langlais for discussions concerning [Tel83] and the proof of Proposition 4.27, and both
Thibault Langlais and Jacek Rzemieniecki for numerous helpful comments and suggestions on
an earlier version of this article. This material is based in part upon work carried out while the
authors were in residence at the Simons Laufer Mathematical Sciences Institute (previously
known as MSRI) in Berkeley, California, during the Fall 2022 semester. G.P. is partially supported
by an NSF Mathematical Sciences Postdoctoral Research Fellowship (Award No. 2303102).

2 Dirac operators twisted by ramified line bundles

The technical foundation of this article is [BW25]. For the readers’ convenience this section
provides an informal overview of some of this material. Readers who are familiar with it can
skim this section or skip it entirely. Throughout this section, the following data are assumed to
be fixed:

(1) a Riemannian metric g on X
2) a Dirac bundle structure (y, V) on S with respect to g; that is:
Y P 9
(a) alinear map y: TX — 0(S), the Clifford multiplication, such that for every v € TX
y(0)? = —|o|*1s,

and

(b) a covariant derivative V: T'(X,S) — Q!(X,S), the spin connection, such that for
every v, w € Vect(X) and ¢ € T'(X,S)

Vo(y(w)g) = y(Vow)g + y(w)Vogh;



and
(3) aramified Euclidean line bundle over X; that is:

(a) a closed subset Z =: Br(I) C X, the branching locus, and
(b) a Euclidean line bundle I over X\Z

such that
(c) if W C Z is closed and [ extends over X\W, then W = Z.
Moreover, it is assumed that Z is a smooth submanifold, necessarily of codimension two.

Associated with this data is a Dirac operator

D: T(X\Z,S®1) > T(X\Z,S®1)

defined by
d
D¢ = ) y(e)Ve,$.
i=1
Here (e, . .., eg) is an arbitrary local orthonormal frame and V is the twist of the spin connection

by the unique orthogonal connection on I.

2.1 The Gelfand-Robbin quotient

To begin putting the Dirac operator into a functional analytic context, consider the minimal

extension
Dpin = D: dom(Dpin) := H'T(X\Z,S®1) — L T(X\Z,S®1).

Dhnin is left semi-Fredholm but its cokernel is co-dimensional [BW 25, Proposition 2.3 and Lemma
3.3]). Its adjoint, in the sense of unbounded operators, is the maximal extension

Dinax = D%+ dom(Dpay) — L*T(X\Z, S ® 1);
in fact, by [BW25, Remark 2.10],

dom(Dypax) = {qS € H!

loc

I'(X\Z,S®l):¢,D¢ € L’T(X\Z,S®1)}.

Of course, D, is right semi-Fredholm but its kernel is co-dimensional.
The intermediate extensions of Dy, are controlled by the Gelfand-Robbin quotient

e dom(DmaX)
o dom(Dmin) ‘

This is a symplectic Hilbert space; its symplectic form, the Green’s form, is defined by

G([9), [y]) = (D¢, ¥)12 = (¢, DY)p2.



Every closed extension of Dy, is of the form
Dg = Dmaxldom(pg) With dom(Dg) = {¢ € dom(Dpay) : [$] € R};
where R C H is a closed subspace [BW 25, Proposition 2.14]; moreover,
Dy = Drga;

that is: the adjoint of Dy is obtained by forming the symplectic complement R® of R [BW 25,
Proposition 2.17]. As in [BW 25, Definition 2.13], a residue condition is a closed subspace R C H.

2.2 The residue map

In an abstract way, [¢] € H encodes the leading-order behaviour of ¢ € dom(Dyy,y) near Z.
This leads to the following more geometric realisation of the Gelfand-Robbin quotient.

It is instructive to begin by considering an untwisted spinor ¢ € I'(X, S) vanishing along Z.
The Taylor expansion of ¢ at Z has a leading-order term ¢! € I'(Z, Hom(NZ, S|z)). A brief
computation shows that if D¢ = 0, then ¢(V) satisfies the algebraic constraint

¢! o or = —y(or) 0 gV

for every x € Z and or € AN, Z. Here AN, Z is identified with o(N,Z) using the Riemannian
metric g so that (u A v)(w) = (u, w)o — (v, w)u as in [LM89, Part I §6 (6.3)].

If Z is cooriented, then there is a preferred or € A*NZ of unit length which defines complex
structures on S|z and NZ. The algebraic constraint is then simply that ¢(!) is complex anti-
linear. However, Z might not be coorientable. Nevertheless, the Riemannian metric defines an
isomorphism (A2NZ)®? = R and this produces a flat bundle

A=R®iA’NZ

of normed R-algebras over Z whose fibres are isomorphic to C, but canonically only up to
complex conjugation. The preceding discussion exhibits both NZ and S| as A-modules. If
D¢ =0, then ¢V is A-anti-linear.

The analogous construction for ¢ € dom(Dy,y) is quite a bit more involved. Its outcome
is very briefly stated as follows. The Dirac bundle structure on S restricts to a Dirac bundle
structure on S|z [BW25, Definition 3.9]. As explained in [BW25, Definition 3.21 and Remark
3.22], the Euclidean line bundle I defines an A-module NZ~'/? together with an A-linear
orthogonal connection, and an isomorphism

NZ Y2 @4 NZ7'/? = Homa(NZ, A).
This endows the residue bundle
S =S|, @y NZ71/?

with a Dirac bundle structure; in particular, S has a Dirac operator Dg. Moreover, the restriction
of the Clifford multiplication to NZ induces a A—anti-linear almost complex structure

J € T(Z,Enda(S)).



This together with the Euclidean inner product induces a symplectic structure Q on S. Roughly
speaking, after identifying NyZ = C, an element of S|, ®y NZ /2 can be viewed as a term
of the form ¢z~'/2. This should make it plausible that the Gelfand—Robbin quotient H can be
realised as a suitable completion of ['(Z, S).
The norm with respect to which I'(Z, S) has to be completed is defined in terms of the
branching locus operator
A= —]Dg.

Since ] is skew-adjoint, D¢ is (formally) self-adjoint, and J and D¢ anti-commute, A is (formally)
self-adjoint. Denote by 1(_c00)(A) and 1) (A) the orthogonal projections to the negative and
non-negative eigenspaces of A respectively. Define the norm ||—||5: I'(Z, S) — [0, ) by

11l = 1 (~000) (A)Pllenrz + 1 110,00) (APl r-172,

and denote by HT'(Z, S) the completion of T'(Z, ) with respect to ||| - The symplectic form
Q on S induces a symplectic form on HT'(Z, S) which shall also be denoted by €.
[BW2s5, Definition 3.40 (1)] constructs the residue map

res: dom(Dpay) — HI'(Z,5)

which satisfies
kerres = dom (D)

and is surjective; in fact, [BW25, Definition 3.40 (2)] constructs a right inverse, the extension
map
ext: HT'(Z,S) — dom(Dyay).

As a consequence of this, res induces an isomorphism
H = HI'(Z,S);

moreover, through this isomorphism the Green’s form corresponds to Q. In combination with
the discussion in Section 2.1, this shows that every closed extension of Dy, corresponds to a
residue condition considered as a closed subspace R C HT'(Z, S).

Although the residue map is constructed analytically in [BW25, §3], it can be seen to arise
from a suitable restriction map as follows. Choose a tubular neighbourhood of Z and use it
to construct a blow-up f: X — X of X along Z. The restriction of f to the boundary X is
identified with the frame bundle

n: F={ve NZ:|v|=1} - Z.

Set S := B*S. Since the inclusion X\Z C X is a homotopy equivalence, I extends to a Euclidean
line bundle I over X. [BW25, Proposition 3.23] constructs an isomorphism

T NZ V2 = i'af( ® 1 A.
In particular, this defines an inclusion

7 T(Z,8) — TeX, S & 1)

10



whose image should be understood to correspond to the fibrewise —% Fourier modes. If
r: X\Z — (0,00)

denotes a regularised distance to Z, that is: r is smooth, positive, and agrees with the distance
to Z on a neighbourhood of Z, then it turns out that dom(Dyay) N rot/ 2I'(X,S ®1) is dense in
dom(Dpay) and that for every r=/2¢ € dom(Dyay) N r~2T(X, S @ 1)

Plog =7" res(r_l/z(ﬁ).

2.3 Conormal and adapted Sobolev spaces

A vector field v € Vect(X) is conormal if o] a% € Vect(9X). Denote the subspace of conormal
vector fields by Vect; (X). Denote by DiffOp® (S ®1) the Ny—filtered ring of differential operators
acting on S ® [. The space DiffOp; (S ® I) C DiffOp*(S ® I) of conormal differential operators

is the filtered subring generated by I'(X,End(S ® 1)) and differential operators of the form V,
with v € Vect (X).
For every k € Ny the conormal Sobolev space HgF(X \Z,S ®1) is defined by

T(X\Z,S®I) :

loc

2 f
HT(X\Z, S ®1) = {¢ e HF P$ € L'T(X\Z,S®1) or}.

every P € DiffOp’,j S®0

Choose a finite subset 9’,’; - DiffOp’lj (S ® 1) which spans DiffOp]Z(S ® 1) over I'(X,End(S ® 1)).
Define the norm ||—||H§: Hl’fF(X\Z,S ®1) — [0, 00) by

115 = D 1P

k
Pe@b

These should be regarded as higher regularity analogues of L’I'(X\Z, S®1). The core of the scale
of conormal Sobolev spaces (HI’;F(X\Z, S®l), (||—||H§)keN0) is a tame Fréchet space [BW 25,

Proposition 4.32].
For every k € Nj the adapted Sobolev space H**'I'(X\Z, S ® ) is defined by

loc

€ HF'T(X\Z,S®1) and
H§+IF(X\Z,S®I) = {¢ c Hk+1F(X\Z,S®I) : ¢ p DX\ ) an }

D¢ € HiT(X\Z,S ®1)
Define the norm ||—||H§+1 : HT(X\Z,S ® 1) — [0, ) by
191l pzger = 1@l pgirr + 1Dl gt

These should be regarded as higher regularity analogues of dom(Dyayx). Again, the core of the
scale of adapted Sobolev spaces (HX*'T'(X\Z,S ® I), (”_”H,’;“)keNo) is a tame Fréchet space
[BW2s5, Proposition 4.37].

11



By [BW25, Lemma 4.12 and Lemma 4.13], for every k € Ny the residue map res: dom(Dypay) —
HT'(Z,S) restricts to a bounded surjective linear map

res: H'MT(X\Z, S ®1) — HY21(Z,5).
The extension map ext: HI'(Z,S) — dom(Dy,y) restricts to a right-inverse
ext: H*V2r(z,8) » HM*'r(X\Z,5®1).
Moreover, if ¢ € H**1T'(X\Z, S ® I) satisfies res(¢) = 0, then
Vopr'¢p € HIT(X\Z,S® 1)

for every v € Vect(X) [BW 25, Proposition 4.27]. Therefore, ker res € H**1T'(X\Z, S ® ) should
be regarded as a higher regularity analogue of dom(Dy,n) = H'T'(X\Z,S ® ).

2.4 Elliptic residue conditions

For every residue condition R C HT'(Z, S) and every k € Ny set
k+1 . o rrk+1
H," T(X\Z,S®LR) =H, " T'(X\Z,S ® ) N dom(Dg)
and consider the restriction of Dg to
DY H¥'I(X\Z,S® I;R) — HET(X\Z,S ® ).
A residue condition R C HT'(Z, S) is co-regular if for every k € Ny and every ¢ € R
1Bl pgeesre Sk 11 (o) (Allggeesre + Il

It is elliptic if both R and R are co-regular. In this case, D(k) and D(kG) satisfy elliptic estimates

and elhptlc regularity [BW25, Theorem 4.17]; in particular, D( ) is Fredholm, and kerD( ) and
coker D( ) are independent of k € Ny [BW25, Theorem 4.17 and Proposition 4.21].
EV1dently, the APS residue condition defined by

Raps = 1(_w) (A)HY’T(Z,8) c HT(Z,5)
is elliptic. For a local residue condition, that is: a residue condition of the form
Ry := HT'(Z,V) C HI'(Z,S)

for a subbundle V C S, there is the following symbolic criterion for ellipticity [BW 25, Theorem
4.40]: Ry is elliptic if for every v € TZ\{0}

Ve Jyw)V =8.

Ifrka S =2 and V C S is an A-linear subbundle with rka V = 1, then Ry satisfies this criterion
because Jy(v) is skew-adjoint and A-anti-linear; in particular, Ry is elliptic [BW 25, Example
4.44].
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2.5 Once more, with chirality

Suppose that (S, y, V) is equipped with a chirality operator; that is: a self-adjoint parallel
isometry ¢ € T'(X, O(S)) such that
ye+ey =0.

This induces an orthogonal decomposition of S into V-parallel subbundles
S=S*®S™ with S§*:=ker(e¥1).

Consequently, the Dirac operator D decomposes as

0 D~
b= (D+ 0 )
with D*: T(X\Z,5* ® ) - I'(X\Z, ST ® I) denoting the chiral Dirac operators.

The minimal and maximal extensions decompose analogously. Therefore, the Gelfand-
Robbin quotient H orthogonally decomposes as

dom(DmaX)
dom(D+ )’

min

H=H"®oH with H*:=

moreover, H* C H are Lagrangian. A chiral residue condition is closed subspace R* C H*.
For every chiral residue condition R* C H* there is a unique complementary chiral residue
condition R¥ C HF such that R := R* ® R~ C H is a Lagrangian residue condition. As before,
the chiral residue conditions R* C H* precisely correspond to the closed extensions Dz, of
D:l:lln . . o

The chirality operator also induces a parallel orthogonal decomposition S = S* & S™.
With respect to it the branching locus operator A decomposes into A* := —]D+ I'(Z,8*) —
[(Z,5%); consequently,

HT(Z,8) = HI(Z,$*) ® HT (Z,57).

The residue map res correspondingly decomposes into res*, and these induce isomorphisms
H* =~ HI'(Z, $%).

Of course, the conormal and adapted Sobolev spaces also decompose according to the
chirality operator. In particular, for every chiral residue condition R* € HI'(Z,S*) and k € N,
there are the following higher regularity versions of D%, :

D HM'T(X\Z,$* ® I;R*) — HET(X\Z, 57 ® ).
If the Lagrangian residue condition R = R* @ R~ is elliptic, then both operators D%, (k)
elliptic estimates and elliptic regularity; in particular, each is Fredholm.
A local chiral residue condition is a chiral residue condition of the form

satisfy

R:. = HT(Z,V*) C HT(Z,$%)

13



for some subbundle V* C $*. For every subbundle V* C S* there is a unique subbundle V* C ¥
such that V* @ V= C § = §* @ S~ is Lagrangian. Of course, V* induces the complementary
chiral residue condition: Ry = Ry, @ Ry,_ is Lagrangian. A moment’s thought shows that Ry is
elliptic if V* satisfies the symbolic criterion, namely for every v € TZ\{0}

Ve Jy(o)V*E = S

This holds in particular if rky $* = 2 and V* C $* is an A-linear subbundle with rka V* = 1.

3 The universal Dirac operator and residue map

This section sets up the family version of the theory developed in [BW25] and surveyed in Sec-
tion 2. After describing Dir, the space of Dirac bundle structures on S, and Ram, the moduli space
of ramified line bundles (with smooth branching locus) over X, the spaces H;°’T'(X\Br(I),S ® 1),
H°T'(X\Br(I), S ® 1), and T'(Br (1), S) are assembled into tame Fréchet space bundles E, F, and
G over Dir X Ram. The Dirac operators and residue maps assemble into the universal Dirac
operator D: E — F and the universal residue map res: E — G. These bundles are equipped
with partial covariant derivatives, and the corresponding infinitesimal variation of D is deter-
mined. Within this framework it is possible to consider residue conditions in families. Finally,
it is explained what additional structure arises from the chirality operator ¢ := y(voly) if X is
oriented and dimX =0 (mod 4).

3.1 The space of Dirac bundles

For the purposes of this article, the following is the relevant parameter space and half of the
base of the tame Fréchet space bundles E, F, and G.

Definition 3.1. Denote by Met C T'(X, Hom(S?TX, R)) the space of Riemannian metrics on X.
The space of Dirac bundle structures on S is the tame Fréchet submanifold

(y, V) is a Dirac bundle structure
Dir :={(g;y,V) € Met X I'(X, Hom(TX, 0(S))) X &(S) : .

with respect to g

In the following a triple (g;y, V) € Dir is often abbreviated to p (which, of course, stands for
parameter). .

The projection map p: Dir — Met exhibits Dir as a tame smooth Fréchet fibre bundle over
Met. Bourguignon and Gauduchon [BGg2] construct an Ehresmann connection on Dir; see also
[AWW16, §3.2; MN17, Definition 2.9; AD25, §2.4, §2.5]. Moreover, the vertical tangent bundle

TDir/Met = ker(Tp: TDir — TMet)

further decomposes as follows.

Proposition 3.2. For every p = (g;y, V) € Dir the tangent space T,Dir decomposes into the tame
Fréchet subspaces
TpDir = HBG,p D Vg’p (&) VV,Uh;p

defined as follows:

14



(1) Hgg,p is the horizontal distribution at p € Dir of the Bourguignon-Gauduchon connec-
tion [BGoz]; that is: the unique Ehresmann connection on Dir — Met which horizontally
lifts g € TyMet to (g; y®°, VBS) € T,Dir defined by

d d
86 = %Zg’(—, e)y(e)) and VB = % Z(Veig')(ej, —)[y(e:), y(e;)].
i=1

i,j=1
Here and throughout (ey, . .., eq) denotes a local g—orthonormal frame.
(2) Vg, is generated by the action of the gauge group Z(S) := I'(X, O(S)) on Dir; that is:
Vop = {(0: [£ 7], -VE) : £ € T(X,0(5))}.
(3) Vy,unyp consists of infinitesimal variations of the spin connection in Uhlenbeck gauge; that is:
Vo.unp = {(0;0,V) : V € Q' (X, 0c(S)) satisfying dyV = 0}.

Here oce(S) denotes the bundle of skew-adjoint endomorphisms of S which commute with
the Clifford multiplication y.

In fact, the vertical tangent space T,Dir/Met contains every infinitesimal variation of the spin
connection; that is:

Vo, ={(p;0;0,V) : p € Dir, V € Q' (X, 0c(5))} € Vigp & Vo uhp-
The above turns out to be useful in the following to organise various computations.

Proof of Proposition 3.2. To prove that Hpg is an Ehresmann connection on Dir — Met, it
suffices to verify the formulae

(3-3) 7°°()y(0) + y(0)7°°(0) = —¢(v,0)  and
(3-4) [VoC, ¥ (w)] = §PC(Vow) +y(Vow) = [V, 7°¢(w)]

with V denoting the infinitesimal deformation of the Levi-Civita connection corresponding to
g € T;Met. The verification of (3.3) is straightforward from the formula in (1). By differentiating
Koszul’s formula,

29(Vow, 1) = (Vo) (w, ) + (V1yg) (1, 0) = (Vug) (0, w).

Therefore,

M=

y(Vow) = % ((Vog) (w, €)) + (Voug) (0, €)) = (Ve;9) (0, w))y(e)).

j=1

A direct computation using the identity

(3:5) [y (), y(@)], y(w)] = 4(y(0)g(u, w) = y(u)g(v, w))
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yields

d
(955, 00)] = 3 D (V) (3,0) = (Ve )0 w)y(ey),
j=1
1 d
)-/BG(VZ,W) = 5 Zg‘(VZ,w, ej)y(e;), and
=1
1 P
[V, 7°C(w)] = > ((Vog) (w, ) + G(Vow, €)))y(e)).
j=1

(3.4) follows directly from the preceding identities.

Evidently, Ve, and Vy , are contained in the vertical tangent bundle TDir/Met. The Uhlen-
beck gauge fixing condition in (3) ensures that Ve , N Vy yp,p = 0. To prove that Ve , & Vo unyp is
the entire vertical tangent space T,Dir/Met, it suffices to show that every infinitesimal deforma-
tion y of a Clifford multiplication y is of the form [&, y] with ¢ € T'(X, 0(S)). This, however, is a
consequence of the fact that Clifford algebras are separable finite-dimensional R-algebras and,
therefore, their representations are infinitesimally rigid; see, e.g., [Hoc46, Theorem 5] or [Weig4,
Lemma 9.1.9 and Theorem 9.2.11]. In fact, the arguments found loc. cit. reveal that y = [, y]
holds for

f=270 ) G eT(X0(9)
Ic{1,...d}

with
k
&= ) (=D)y(en) - yleq i)y ey (e, ) - v(e)

for I ={iy,...,ix} €{1,...,d} withi; < ... < ir. Of course, this can also be verified by direct
computation. ]

Remark 3.6. The Vg, and Vy un,p need not form subbundles because there can be p € Dir for
which the map I'(X, 0(S)) — Vg, has a non-trivial kernel. Of course, the Hpgp and Vy, do
form subbundles. &

Remark 3.7. Here is how to understand the Lie algebra bundle oc,(S). For every x € X and
choice of orthogonal frame of T, X, the fibre Sy is a representation of the Clifford algebra C¢,.
The representation S, decomposes into irreducible representations, the pinor representations
[Hargo, Definition 11.10], which can be read off from the classification [Hargo, Theorem 11.3]:

(1) Ifd =0,1,2 (mod 4), then there is a unique pinor representation P and, therefore, S, = P™
for some m € Ny. The commuting algebra K := End¢c,(P) of P is isomorphic to R; C; H
depending on whether d = 0,6; 1,5; 2,4 (mod 8), respectively. Therefore,

o(m) ifd=0,6 (mod38)
oce(Sy) = 3u(m) ifd=1,5 (mod 8)
sp(m) ifd=2,4 (mod 8).
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(2) If d =3 (mod 4), then there are two pinor representations P*, distinguished by whether
the volume element acts as +1. Therefore, S, = (P*)™+ @ (P~)™-. The commuting algebra
K := Endc,(P*) of P* is isomorphic to H, R, depending on whether d = 3, 7 (mod 8),
respectively. Therefore,

sp(my) ®sp(m_) ifd=3 (mod 8)
DCt’(Sx) = .

o(my) ®o(m-) ifd =7 (mod 8).
If X is spinable and a spin structure s on (X, g) is chosen, then the pinor representations give rise
to pinor bundles P or P*, P~ over X and, consequently, S = M®xPor S = M* QxP* &M~ @k P~
with M or M*, M~ encoding the multiplicities. *
Remark 3.8. For every (g;y, V) € Dir the curvature Fy € Q%(X,0(S)) decomposes into Rie-
mannian spin curvature Riem‘; € Q*(X,0(5)) and the twisting curvature Fy" € Q*(X, 0c,(S))
defined by

d
. 1 .
Rlemg(u, v) == 3 Z (Riemy(u,v)er, e;)[y(ex),y(e)] and
k,t=1

two._ S
Fy" = Fy - R1emg,

see [BGV92, Proposition 3.43]. This decomposition is useful, because the contribution of Riem?
to various formulae often simplifies quite notably. &

Q

3.2 The space of ramified Euclidean line bundles

Here is the other half of the base of the tame Fréchet space bundles E, F, and G.

Definition 3.9 (cf. [DW24, §3.4.3]). The moduli space of ramified Euclidean line bundles over
X is constructed as follows:

(1) Denote by Sub the set of closed codimension-two submanifolds Z € X. Equip Sub with
the following tame Fréchet manifold structure described in [Ham82, Part I Example 4.1.7
and Example 4.4.7, and Part IT Corollary 2.3.7].

Given Z € Sub and a tubular neighbourhood j: NZ 2 U — X of Z, define the map
¢;': T(Z,NZ) 2T(Z,U) — Sub by

gbj_l(z)) = im(Jj o v).

Denote by ¢, the inverse of gbj_l : I'(Z,U) — im gbj_l Equip I'(Z, NZ) with the usual
structure of a tame Fréchet space; see [Ham82, Corollary IL1.3.9]. The charts constructed
in [Ham8&2, Example I.4.1.7] are of the form ¢,.

(2) Denote by Ram the set of isometry classes of ramified Euclidean line bundles (Z, ) over
X with smooth Z. Consider the map

Br: Ram — Sub

assigning to (Z, [1]) the branching locus Z.
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(3) For every open subset U C X denote by Suby; € Sub the open subset of those Z € Sub
for which:
(@) Z<c U, and
(b) the restriction H!(X\Z, {+1}) — H'(X\U, {£1}) is an isomorphism.

The subset Suby is open and the monodromy representations assemble into an injection
tw: Br ! (Suby) — Suby x H'(X\U, {+1}).
Equip Ram with the coarsest topology with respect to which the maps 7;; are continuous.

(4) With respect to the above topology Br: Ram — Sub is a locally finite covering map;
cf. [tDieo8, proof of Theorem 3.3.2]. In particular, Ram inherits the structure of a tame
Fréchet manifold from Sub. Moreover, for every (Z, [[]) € Ram,

T(Z,[I])Ram = TZSub = F(Z, NZ).

In the following (Z, [1]) is frequently abbreviated to [I]. This is harmless, because Z can be
recovered as Br(I). °

Remark 3.10. Here are some further comments regarding (3). Euclidean line bundles I over X\Z
are classified by their Stiefel-Whitney class w;(I) € Hom(r;(X\Z), {+1}) = H}(X\Z, {+1}).
The latter cohomology group fits into the exact sequence

HE (X {£1}) < H'(X\Z: {£1}) > HA(X, X\Z: {£1}) > H2 (X, {21}).

Excision and the Thom isomorphism identify H*(X, X\Z; {+1}) = H°(Z, {+1}). The mon-
odromy condition means that §(w;(l)) = -1 € H(Z, {+1}). In particular, its image under the
final map vanishes. But this is exactly the Poincaré dual of [Z] € Hy_»(X, {1}). Therefore,
the latter must vanish for Z to arise as the branching locus; moreover, if it vanishes, then
the space of isometry classes of ramified Euclidean line bundles with branching locus Z is a
H'(X, {+1})-torsor. *

Proposition 3.11 (cf. [DW24, Proposition 3.60]). Ram carries a twisted universal ramified
Euclidean line bundle in the following sense:

(1) Consider the universal non-branching locus
X = {([1],x) € Ram x X : x ¢ Br(I)} C Ram x X.

The projection map p X — Ram is a fibre bundle.

(2) Denote by U the set of those open subsets % C Ram for which p: X|y — % is trivial.
For every % € U there is a Euclidean line bundle $9, over X|% and for every [l] € % an
isomorphism

Lol yxx\r(r)) =1

unique up to Aut(l) = {£1}.

18



(3) There is a Cech 2—cocycle A € C*(W, {+1}) together with, for every %, 7" € W, an isomor-
phism gb?; 2%|5’(|m7 = ﬁrﬂf{l«m% such that for every %, 7", W € U

P Auvw = oy popder. € C° (Xloznz o {£1}).

Here {£1} is the constant sheaf associated with the abelian group {+1}.

Proof. The proof is identical to that of [DW24, Proposition 3.60] and, therefore, omitted. m

The Cech cohomology class [A] € H?(Ram, {+1}) is the obstruction to gluing {8 : % € U}
to an untwisted universal ramified Euclidean line bundle £ over X. Unfortunately, it does not
always vanish. A pragmatic solution to this problem is to instead work with the Euclidean line

bundle
L= U 2y over Ram’:= U U.
U U

The significance of £ is that for every (%; [1]) € Ram® it selects a choice of representative of [I].
Henceforth, this choice shall be denoted by [, abusing but simplifying notation. Moreover, in the
upcoming discussion, (%; [1]) is abbreviated to [I] and Ram® to Ram. This abuse of notation is
ultimately inconsequential, because ultimately Z/2Z harmonic spinors are considered up to
the action of R* and {1} < R*: forming the quotient by {£1} removes the ambiguity.
Remark 3.12. The origin of the above issue is the stabiliser Aut(l) = {+1} and, in principle, one
ought to work with orbifolds to deal with it. The following discussion is a bit frivolous and can
be ignored:

(1) The Cech 2-cocycle A produces a proper étale tame Fréchet Lie groupoid

Ram' := U (UNT) x{x1} ;; Ram’ := U «.
(u,7)enz ! Aeu

Here the source and target maps s, t are induced by the inclusions N 7" — % and
U NV — 7, and the composition m is induced by

(Z W)X {£1}] Xg [(UNTV) X {x1}] > (UNW) x {1}
(x,&x;0) = (x, A(x)€d).

The groupoid Ram' = Ram” is a presentation of a tame Fréchet orbifold Ram: the fine
moduli space of ramified Euclidean line bundles; cf. [Moeo2, §3].

(2) The universal non-branching locus X has an orbifold counterpart X presented by a
groupoid X! =3 X°. The Euclidean line bundles {2y : % € U} assemble into a Euclidean
line bundle € over X°. The isomorphisms {(/5?; : (%, 7") € U?} assemble into an iso-
morphism ¢: s*8 — t*8 satisfying the cocycle condition. This is a presentation of a
Euclidean line bundle £ over X; cf. [Moeoz, §5]. )
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3.3 The extended gauge group and the Kosmann lift

The following symmetries of Dir X Ram are crucial for the upcoming discussion.
Definition 3.13. The extended gauge group of S is the tame Fréchet Lie group g(S) constructed

as follows:

(1) An extended isometry of S is a diffeomorphism u € Diff(S) for which there exists a
diffeomorphism @ € Diff (X) such that u defines an isometry S = @"S. These form a
subgroup € (S) < Diff (S).

(2) A moment’s thought shows that extended isometries lift to O(r)-equivariant diffeo-
morphisms of Fr(S), the orthogonal frame bundle of S; in fact, g(S) = Diff (Fr(S))°"),
abusing notation. By [Molio, Proposition 2.6], &(S) < Diff (Fr(S)) is a tame Fréchet Lie
subgroup.

(3) From the above perspective, g(S) acts smoothly and tamely on S = Fr(S) X,y R" and
X =Fr(S) xo(r) {*} from the left by

u-[p.¢] = [ulp).¢] and u-[p,*] = [u(p), =],

respectively. As a consequence, it acts smoothly and tamely on I'(X, S), Dir, and Ram
from the right by pullback.? .

The subset Diffs(X) C Diff (X) of those diffeomorphisms that lift to ?(S) forms an open
subgroup. In fact, &(S) fits into the exact sequence of tame Fréchet Lie groups

Z(S) < €(S) - Diffs(X).
This induces a corresponding exact sequence of tame Fréchet Lie algebras
T(X, 0(S)) = Lie(4(S)) := TIE(S) » Vect(X).

As a sequence of tame Fréchet spaces, this splits, but not canonically so. For example, for every
orthogonal connection V on S the horizontal lift

lifty : Vect(X) — Lie(Z(S)) C Vect(S)
defines a right splitting. The right Lie algebra action of lifty (v) on p = (g;y, V) € Dir yields
(Zog; 7, V) € T,Dir with y(w) = y(V,,0). For the purposes of this article it is convenient to
use the following lift that fits better with the Bourguignon-Gauduchon connection defined in
Proposition 3.2 (1).

Definition 3.14 (cf. [Kos72, Definition I1I.2.1; BG92, Proposition 17]). For every p = (g;y, V) € Dir

~

the Kosmann lift is the tame linear map 11ft§ : Vect(X) — Lie(%(S)) defined by

lift) (v) = lifty (v) + x, with

d
ko= =3 D" 9T ey (en. v(ep)] € T(X,0(5)) .

ij=1

1 The reader should be warned that %(S) does not lift to an action on Ram’; however, the action lifts locally.
This is sufficient for Proposition 3.22.
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Proposition 3.15 (cf. [Kos72, §V.1.2]). Let p € Dir and v € Vect(X).

(1) Theright Lie algebra action oﬂiftf(v) € Lie(@(S)) on¢g € T'(X,S) is given by the Kosmann
Lie derivative; that is:

¢ -lifty (0) = L5¢p  with L =V, +k,.

(2) Theright Lie algebra action oﬂiftg(v) € Lie(@(S)) onp € Dir is related to the Bourguignon—
Gauduchon lift (g; 76, VBO) e T,Dir of g := Z,g € TyMet, defined in Proposition 3.2 (1),
by

(3.16) p - lifty (v) = (6:7°% VP© + Fy¥ (0, -)).

Remark 3.17. The following should help to make the Kosmann lift more palatable:

(1) The requirement that the right Lie algebra action of the lift o € Lie(?(S)) of v € Vect(X)
reproduces y2C determines & up to the addition of an arbitrary &, € T'(X, oc,(S)).

(2) The requirement (3.16) determines liftff (v) uniquely up to the addition of an arbitrary
& € ker(V: T'(X,0c¢(S)) — QN(X,0ce(S))). The latter vanishes for typical p € Dir.
Therefore, (3.16) and a suitable continuity condition determine the Kosmann lift uniquely.

(3) For generic p € Dir and v € Vect(X), F5" (v, —) ¢ im(V: T'(X,0ce(S)) = Q' (X, 0cc(S))).
As a consequence, this term cannot be eliminated from (3.16).

(4) The reader should be warned that, despite its name, the Kosmann Lie derivative does not
define a Lie algebra homomorphism Vect(X) — Lie(?(S)); see [BGo2, Proposition 18]. It
does not even agree with the Lie derivative on Q°®(X) for the Dirac bundle that gives rise
to the Hodge—-de Rham operator d + d*. *

Proof of Proposition 3.15. (1) is obvious. From this (2) is derived by the following direct computa-
tion. Set

(¢:.V) = p - lift} (o).
Evidently, g = £,g. Since
(3.18) (Zg)(w, 2) =g(Vy0,2) + g(Vo0,w),

the formulae in Proposition 3.2 (1) concretise to

d
PO =2 D (Vi) +g(Ten,w)) () and
i=1
d
T3 = 2 3 (920 w) + (T2, 0, [y (e v ()],
ij=1
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Therefore, using (3.5),

y(w) = [Z5,y(w)] = y([o,w]) = [k, y(W)] + y(Vo0)

1 d

== > 9(Vemelly(en, y(epl y(w)] + 1(Vy0)

i,j=1

d
(9(Vwo, €) +g(Ve,0,w))y(er) = 770 (w).
=1

N | =

4

Moreover,

vw = [31{(, Vil = V[v,w] = [V, Vy] - V[z:,w] = [V ko]

d
. " 1
= Rlem‘;(v, w) + FtV (v, w) + 3 Z g(va,eiv, ej)[y(e), y(e;)]
ij=1

= VE‘VG + Fo'(v,w) +R
with R denoting the remainder
d
1 - 2 2 2
R=¢ Z (9(Riemg (o0, w)ei, e5) + g(Vy,.0.€5) — g(Ve, . 0. w) —g(Ve, ,0.¢)) [y (e, y(e))].
i,j=1

As a consequence of the algebraic Bianchi identity,

d
R = % Z (g(Riemg(v, w)e;, ej) + 2g(Riemgy(w, e;)v, ej)) [y(ei),y(e;)]
ij=1
Jd
= T (g(Riemg(U, w)e;, ej) + g(Riemy (v, ej)w, e;) + g(Riemy (0, e;)e;, w)) [y(ei), y(e;)]
ij=1
=0. |

3.4 The universal bundles of (admissible) singular spinors and residues

The following discussion constructs E, F, and G as well as D and res using the method introduced
by Donaldson [Donz1a, §4].

Definition 3.19. Here is the first stage of the construction:

(1) The universal bundle of admissible singular spinors is the set

E:= U HT(X\Br(I),S ® I; p)
(p.[1]) eDirxRam

together with the projection map E — Dir X Ram and the tame Fréchet space structures
on the fibres, defined in Section 2.3 and [BW 25, Definition 4.2 (b)]. Here and throughout
the remainder of this article, additional decorations with p and [ are used to indicate the
dependence on these parameters.
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(2) The universal bundle of singular spinors is the set

Fi= ]_[ HT(X\Br(I), S ® I; p)
(p.[1]) eDirxRam

together with the projection map F — Dir X Ram and the tame Fréchet space structures
on the fibres, defined in Section 2.3 and [BW25, Definition 4.2 (a)].

(3) The universal bundle of residues is the set

G = U T (Br(1), $,)
(p.[1]) eDirxRam

together with the projection map G — Dir X Ram and the usual tame Fréchet space
structures on the fibres.

(4) The universal Dirac operator D: E — F is defined by
D(p, [1];¢) = (p, [1]; Dpg).
(5) The universal residue map res: E — G is defined by

res(p, [1];¢) = (p, [1];res §).

It remains to endow E, F, and G with the structure of tame Fréchet space bundles such that D
and res become maps of tame Fréchet space bundles. .

res

Q«— =

Figure 1: The universal Dirac operator and residue map.

The above task is not entirely trivial. Even if (Z, [Iy]) € Ram is held fixed and p, p € Dir
are close, H"(X\Zp, S ® lp; po) and H,°(X\Zy, S ® ly; p) need not agree, even as subspaces of
I'(X\Zy, S ® ly), unless a much stronger relation between p, and p is assumed.

Definition 3.20. A set of normal data for a codimension two submanifold Z; C X consists of:
(N1) arank 2 subbundle N C TX]|,,

(N2) a Euclidean metric h on N, and

(N3) an I € I'(Zy, Hom(A*N,End(S|z,))) such that I(or) € End(Sy) is an orthogonal complex

structure for every x € Z; and or € AN, with |or| = 1.
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Every p = (g;y, V) € Dir defines normal data for a codimension two submanifold Z C X by
declaring
N:=TZ% h:= gln, and I :=y|azn.

The slice associated with a ramified Euclidean line bundle (Z, [I;]) € Ram and normal data
(N, h,I) for Z, is the tame Fréchet submanifold

Sl := {(p, [To]) € Dir x Ram : p induces the normal data (N, h, I) for ZO} C Dir X Ram.
These slices foliate Dir X Ram in the sense that every (p, [[]) € Dir X Ram is contained in some

slice. o

Proposition 3.21. Let S1 € Dir X Ram be a slice and (po, [lo]) € Sl

(1) Forevery (p, [I]) € S the identity maps induce tame isomorphisms

HPT(X\Br(lp), S ® lp; po) = HET(X\Br(1),S ® I;p) = By,
HyT'(X\Br(ly),S ® lo;po) = Hy T(X\Br(I),S®;p) =Fp1, and
T'(Br(ly), Sp,) = [(Br(1),S,) = Gy

(2) The maps

D|g: SI X H:;OF(X\BI“(I()), S® lp; po) - HZOF(X\BI'(I()), S® IO?PO) and
res|s;: SIx HXT(X\Br(lo), S ® lp; po) — T'(Br(lp), Sp,)

induced by D and res are tame smooth.

Proof. By [BW2s5, Proposition 3.14], Dy = DEI,O0 and DII,0 differ from (cut-offs of) the corresponding
model operators 1311)00 and ID)},0 [BW25, Definition 3.12] by operators in DiffOp, (S ® I). Direct
inspection of the model operators and a glance at [BW25, Proof of Lemma 4.29] shows that

L _
Dy’ = Dy, + Bpp,

with By, € DiffOp,l) (S ® ly). This immediately implies (1). Inspection of B, ,, establishes (2) as
in [Ham82, Part I Theorem 3.3.3]. [ |

This provides the desired tame Fréchet bundle structures for the restrictions E|g, F|s;, and
Glg to slices: in fact, it canonically trivialises them. These tame Fréchet bundle structures can
be extended with the help of the following method due to Donaldson [Donz21a].

Proposition 3.22 (cf. [Donz1a, Proposition 4.2]). Let Sl be a slice. For every (po, [lo]) € Sl there is
a local uniformiser; that is: an open neighbourhood % C Dir X Ram of (po, [lo]) and a tame
smooth map

u: U — Z(S)

such that for every (p, [1]) € %
u(p, [1*(p, [1]) € SL

Moreover, given a compact subset K C X\Br(ly), the local uniformiser can be chosen such that

u(p, [1D|x = 1s for every (p, [1]) € %.
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Proof. [Donzia, Proof of Proposition 4.2] explains the construction of a tame smooth map
t: % — Diffy(X) which admits a lift u: % — g(S) such that, for every (p,[l]) € %,
u(p, [1])|x = 1s and u(p, [1])*p defines the same normal data as py—except possibly for the
almost complex structure I, because in [Donz1a] there is no analogue of (N3). After possibly
shrinking %, this defect can be repaired by observing the following:

(1) For every I as in (N3) that is sufficiently close to Iy, there is a uy € Z(S|z,) close to 1g %
with ugl = Iy;

(2) Since g is close to 1, , it can be extended to uy € ().

Evidently, this repair can be carried out in a way that produces the desired tame smooth map
u: U > G(S). ]
The following two observations are verified by direct inspection.

Proposition 3.23. Let (p, [I]) € Dir X Ram. Every extended gauge transformation u € ?(S)
induces tame isomorphisms

u: HYT(X\Br(I),S® L;p) = H (X\Br(a'l), S @ ' L;u"p),
u: Hy'T'(X\Br(I), S ® I;p) — H, (X\Br(a'l),S ® u*l;u"p), and
u: I“(Br(I),gp) — F(Br(d*l),gu*p).

In particular, these lift the action ofg(S) on the right of Dir X Ram to E, F, and G. ]
Proposition 3.24. Let Sl be a slice and (py, [Io]) € SL

(1) The subgroup R R
Stabg, ¢, (SI) = {fue (S :usl=8l} c ()

is a tame Fréchet Lie subgroup.

(2) The right actions ofStabg(S)(Sl) on HZ'(X\Zo, S ® lo;po), Hy (X\Zo, S ® lo;po), and

I'(Z,, .§p0) are tame smooth. [

Definition 3.25. The following completes the construction begun in Definition 3.19. Endow E, F,
and G with the unique tame smooth Fréchet bundle structure in which for every (py, [lo]) €
Dir X Ram and for every local uniformiser u: % — ?(S) as in Proposition 3.22 the bijections
o: Ely = UXxH; (X\Br(lp), S®lo; po), 72 Floy — % xH,*(X\Br(lp), S®lp; po), andv: Gly —
U x T'(Br(Ip), §p0) defined by

a(p, [11;¢) = (p. [Il;u(p, [1D¢),  =(p. [1]; ) = (p, [1];u(p, [1])¢), and
v(p, [1]; p) = (p, [} u(p, [11)p)

are local trivialisations. By Proposition 3.23, these are compatible with the tame Fréchet space
structures on the fibres. By Proposition 3.24, they form an atlas. °

Given the above construction, the following is an immediate consequence of Proposition 3.21.
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Corollary 3.26. The universal Dirac operator D: E — F and the universal residue map res: E —
G are maps of tame Fréchet bundles. ]

Remark 3.27. Here are some observations regarding the above discussion:

(1) The construction of the tame Fréchet space bundle structures is quite robust. It depends
only on Proposition 3.21, Proposition 3.23, and Proposition 3.24.

(2) The construction of F could have been carried out with a less delicate definition of slice,
because H,°T'(X\Z, S ® I; p) does not depend on the normal structure.

(3) For k € Ny the right actions of Stabg ) (S1) on the Hilbert spaces HX(X\Zp, S ® ly; po),

Hllj (X\Zo, S ® lo; po), and H*(Z,, Spo) fail to be smooth (for the same reason that the
translation action R O H'(R) fails to be smooth). Therefore, E, F, and G are not (in an
obvious way) inverse limits of Hilbert space bundles—at least not in the usual sense, but
see [TW22, §4.4].

(4) By construction, E, F, and G are g(S)—equivariant tame Fréchet space bundles over Dir X
Ram, and D and res are & (S)-equivariant (up to the caveat pointed out in Footnote 1). &

3.5 Covariant derivatives of the universal Dirac operator

This section explains how to differentiate the universal Dirac operator D. Of course, this requires
the choice of (partial) connections.

Definition 3.28. The slice distribution %% C T(Dir x Ram) is the distribution induced by the
slices foliating Dir X Ram; that is: for every (p, [I]) € Dir X Ram

Sl .
Fort1 = ISk

with SI;, [} denoting the unique slice through (p, [I]). The canonical trivialisations of E|gj, Fs|,
and Glg) defined by Proposition 3.21 define the slice partial covariant derivatives VvS! with
respect to F' onE, F, and G. °

To compute V3ID, it is helpful to decompose %! according to Proposition 3.2.

Proposition 3.29. For every (Zy, [ly]) € Ram, normal data (N, h,I) for Z,, and (p, [1]) € Sl the
tangent space T, [1)S1 decomposes into three tame Fréchet space subspaces

_ Sl S1
Tp,[[]Sl =H, [ eV

S1
BGip, g1 O V5

V,Uh;p,[1]

defined by

Hygprr = 1(6:7°%, VP%:0) € Hagy ) < dlz € T(Z, Hom(S*TZ, R))},
Voo = {0 [Ev],=VE0) € Ve 1y« [Elz,vlaen] =0}, and
S1 . .
V.U, (1] = VV.URp (1]

in particular, Vyp ® 0 C T;, [1)SL
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Proof. Direct inspection reveals that (g; y, V;0) € T,Dir @ Tj;jRam lies in & SLif and only if:
(1) glz € T(Z,Hom(S*TZ,R)) and
(2) for every x € Z, and every orthonormal basis (e, e2) of Ny
y(e)y(ez) +y(er)y(ez) = 0.
This together with Proposition 3.2 implies the assertion.

Proposition 3.30. For every (p, [I]) € Dir X Ram the following hold:

(1) For every psg = (4; 7°%, V"%;0) € HglG;p,[I]

d
1, L (v j
VD L) == D" dleneny(enVe,d+ 7y (V') + V(try ).
i,j=1
Y 3 S1
(2) Foreverypg = (0;[£y],-VE0) € Vg;p,[l]

d

VED(p. ;) = D ([ v(e)] Ve, = y(en) (Ve £)9).

i=1

. _ . v . Sl
(3) Foreverypy = (0;0,V;0) € VV;p,[I]

d
VD L) = ) y(enVe .
i=1

Moreover, Vilres = 0.

Proof. The variation # of the isomorphism #: T*X — TX induced by ¢ € T;Met satisfies
. d
fa=— 3 glat e
i=1

Therefore, for every (p; [[]) € Dir x Ram and p = (¢;7, V;0) € 971)51[[],
d

d
(3:31) VID(p, 1;6) = ) (7(e) Ve + y(e) Ve, d) = D gler )y (en) Ve,

i=1 i,j=1

For every p = pac = (¢; B¢, VBC;0) as in Proposition 3.2 (1) this concretises to

d d
VELD® L) = =3 D glene)r(e)Ved+ 3 > (Ved)(enenr(enlv(en. viepls
Lj=1 i,jk=1

d
= _é Z g(ei, ej))/(ei)vej'¢ + iy((V*g)ﬁ + V(trgg))¢'

ij=1
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The final step uses the observation
y(ex) [y (e, y(ej)] +y(ej)ly(ei), y(ex)] = —26;5y (ex) + 45;ky (ei) — 28kiy (e;).
This proves (1). The remaining formulae (2) and (3) are obvious. [ |

Remark 3.32. Direct inspection of the above formulae and a glance at Proposition 3.30 reveal
that

Vo D(p. ;-), Vot D(p, [; -) € DiffOp,(S® ) and

PBG

V3. D(p, 1; ) € DiffOp) (S ® [)D}, + DiffOp, (S @ 1). n

Remark 3.33. The differential operator Vg}SGD(p, [; —) is not formally self-adjoint. In fact, a brief
computation shows that its formal adjoint satisfies

. 1 .

PBG PBG
This can be rectified by using the volume renormalized slice partial covariant derivative
Stvol ._ oSl | 1. .
Vp =Vy + 59

instead of V5! cf. [Maig7, §2.2; AD25, §2.5]. For the purposes of this article, the above is not an
issue and it suffices to work with V3!, However, it would be one in setting up a Brill-Noether
theory of Z/2Z harmonic spinors; cf. [DW23, §1.A]. *

The right action of 5(5) on Dir X Ram induces a right action
T(Dir x Ram) O TZ(S) = &(S) < Lie €(S).
This can be used to construct (local) partial covariant derivatives with respect to
FRam .= priTRam C T(Dir x Ram)

from V3! and the following infinitesimal version of Proposition 3.22.

Proposition 3.34. For every (po, [ly]) € Dir X Ram there is a local infinitesimal uniformiser;
that is: an open neighbourhood (py, [lo]) € % C Dir X Ram and a tame smooth map

FRam |, Vect(X)
(p. [];0) — o =0(p, [1];0)

such that:
(1) forevery (p, [I];0) € FRam|o,

) TEK (7)) e S
(p. [1];0) - lifty (0) € F, )

(2) a(p, [1]; ) is R-linear, and
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(3) forevery (p, [1];0) € F**™|y
o (p, [1; 0)[[rer Sk ol

Moreover, given a compact subset K C X\Br(1), the local infinitesimal uniformiser can be chosen
such that 5(p, [1];0)|x = 0 for every (p, [1];0) € F ™|y

The proof of Proposition 3.34 (3) uses the following well-known observation.

Lemma 3.35. Let d, k € Ny. There is a 1—jet extension map
extV: (RY) & S(RHF - $(R? @ R¥)

such that for every (£, g1, ..., gx) € S(RH*1 jts extension F = extV (£, g1, ,gx) € S(R? &
RK) satisfies

oF

(330 F-0) =f and (-0 =g
Yi

and for everys € R

k
(337) 1Fllis s 1 fllgsre + ) 1illgs-rroes.
i=1

Proof. Choose a y € §(RF) with y(0) = 1 and V¢ y(0) = 0 for every £ € N. For (f, g1, ...,9x) €
S(RY)k*1 define F := ext™V (f, g1, ..., 9x) by

P = [ @ (@nf© i

k
. 2mi(&x) i dz.
DY) B CITILEE

(3.36) is an immediate consequence of the Fourier inversion theorem.
By direct computation, with the substitution ;7 = 1/(£),

- / FOr / (EMYEIF, (O (P dn dE
HS R4 Rk

”/Rd X Y ((Eyy) £ (£) dE
/ <§>28—k|f,\(§)|2/ <~>2$|)e(~)|2dﬁ d§
‘ Rk

=ic(s)
= eI

and

) 2
‘y,» / TED (GO dg| = / GO / (&MY |F (i (O ) () dy d
R4 Hs R4 Rk

- / BB ) / V1% (i () () dy A
R4 Rk

=ici(s)

2
= ci()gillys-kjo-1-
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Here &, denotes the Fourier transform in the variable y € R¥. Since c(s), ¢;(s) < oo, the above

prove (3.37). [ |

Proof of Proposition 3.34. Let (p; Z, [1];0) € FR3™|¢, and § € Vect(X). By Proposition 3.15 (2),
(p, [1];0) - Lifty (9) = (Zag; 1°°, VP + F3¥ (8, -);0 — 0l

with (Z,g; 756, VBO) € T,Dir denoting the Bourguignon-Gauduchon lift of Z;g € T,Met. Here

—N denotes the orthogonal projection onto NZ. By inspection of Proposition 3.29, condition (1)

translates into
6|IZV =0 and (Z9)|z € T(Z,Hom(S*TZ,R)).

By (3.18), the second condition means that for every x € Z, ¢t € T,Z, n,m € N,.Z
g(Vuo,t) = —¢g(n,V,0) and ¢(V,0,m) +g(n, V,0) =0.

These are algebraic conditions on the 1-jet J'3| of 8 at Z. Evidently, it is possible to algebraically
solve for J'o € T(Z,J'TX) and to extend it to a vector field & € Vect(X). In fact, using
Lemma 3.35, this can be done locally in Dir X Ram in such a way that ¢ depends tame smoothly
on (p, [1];v) and satisfies (2) and (3). [ |

Definition 3.38. Given a local infinitesimal uniformiser #®™ |y, — Vect(X), (p, [1];0) > 0 =
a(p, [1],v) as in Proposition 3.34, define the partial covariant derivatives VR2™ with respect to
FRam on E|y, Fly, and G|y by

Vlﬂlam . sl °

=V (pl1Lo)ittK (5)°

Unsurprisingly, VR¥™D can be expressed in terms of the Kosmann Lie derivative defined in
Proposition 3.15. This is crucial for the discussion in Section 4.

Proposition 3.39 (cf. [Kos72, §V.1.2]). In the situation of Definition 3.38, for every (p; [1]; ¢) € Ely
andv € TjjRam
VEmD(p, [1];¢) = [Z5, D}l

Proof. By Proposition 3.15,

(LK y(e)] =7°C(e) + y([3,e;]) and
(LK Ve, ] = VES + FY (0, €1) + Vige,)-

Therefore,
d
(X, D] = Z 720 (en) Ve, + y(e) Vel + y(e)Fy' (8, €1) — y(Ve,0) Ve, — y(€) Vv, 5.
i=1

A glance at (3.31) reveals that this is precisely VR&™D(p, [I]; -). [
Remark 3.40. The formula in Proposition 3.39 has to be treated with some care, because
K 1 1 K
Z; D, and D, Z;
do not map E, to Fp,1, but their difference does. In fact, as a consequence of Remark 3.32,

vRamp(p,I;-) € DiffOp; (S ® ). »
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3.6 Families of residue conditions

This subsection explains how to impose residue conditions in families.

Definition 3.41. A family of residue conditions (B, f,R) consists of:
(1) atame Fréchet manifold B,
(2) atame smooth map f: B — Dir X Ram, and
(3) atame Fréchet space subbundle R C f*G. °

Here is an example of a family of (spectral) residue conditions.

Example 3.42. Let 1 € R. Denote by %, C Dir X Ram the open subset of those (p, [I]) €
Dir X Ram for which the branching locus operator A 1] does not have A as an eigenvalue; that
is: A ¢ spec(Ap,[17). There is a tame Fréchet space subbundle

APS,, C Glo,
such that, for every (p, [1]) € %),
APS ), (1] = 1(—eo) (Ap, 1T (Br (1), Sp).

This defines the family of APS residue conditions with threshold 4 € R. [
Proposition 3.43. For every family of residue conditions (B, f,R)

Er := (f*res) '(R) C f*E

is a tame Fréchet space subbundle.

Er —= f*F

N N

R e L2
lf*res
G

f'F

Figure 2: The construction of Dg.

Definition 3.44. In the situation of Proposition 3.43, the restriction of f*D to Eg is denoted by
DR: ER i f*F o

The proof of Proposition 3.43 relies on the following.
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Proposition 3.45. The universal bundle of Z /27 spinors
Ey := kerres CE

is a tame Fréchet space subbundle. Moreover, the exact sequence

res

Ey—=E—>G

of tame Fréchet space bundles locally splits; that is: for every (p, [I]) € Dir X Ram there are
an open neighbourhood (p, [1]) € % C Dir X Ram and a map of tame Fréchet space bundles
ext: G|y — E|y satisfying res o ext = 1.

Proof. That E, C E is a tame Fréchet space subbundle is evident by inspection of the trivialisa-
tions constructed in Definition 3.25. The splitting arises from the extension map mentioned in
Section 2.2 and constructed in [BW 25, Definition 3.40 (2)]. [ |

Remark 3.46. Here are some observations regarding E:

(1) The construction of Ey could be carried out directly with a less delicate definition of
slice, because kerres = H’T'(X\Z, S ® [; 0; p) does not depend on the normal structure;
cf. Remark 3.27 (2).

(2) For every v € Vect(X) and (p, [I]; D) € Eo, (p, [I]; Vo,P) € F and the corresponding map
V: Vect(X) XEy — F
is tame smooth [BW2s5, Proposition 4.27]. )
Proof of Proposition 3.43. Using Proposition 3.45, Eg can locally be presented as
Erlf-1) = f"Eo ® (f"ext)(R). n

The arguments Section 4 use families of residue conditions of the following kind.

Definition 3.47. Here is how to consider local residue conditions in families:
(1) (a) The universal branching locus is the tame Fréchet submanifold
Br = {(p, [1];x) e Dirx Ram X X : x € Br(I)} C Dir x Ram X X.
The projection map p: Br — Dir X Ram is a fibre bundle.
(b) The normal bundle N := NBr shall be identified with

N= LJ NBr(I).
(p,[1]) eDirxRam

It inherits a Euclidean metric from the metrics on X which are part of p € Dir. This
induces an isomorphism (A?N)®? = R and endows

A =R @ iA*N
with the structure of a bundle of algebras over Br, whose fibres are isomorphic to C,

but canonically only up to complex conjugation.
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(c) The construction from [BW25, Definition 3.21 and Remark 3.22] explained in Sec-
tion 2.2, parametrised by (p, [[]) € Dir x Ram, assembles into an A-module N~/2,

(d) Clifford multiplication endows pry S to Br with the structure of an A-module. The
universal residue bundle is the rank r Euclidean bundle over Br defined by

v

S=priSeaN= ] S,
(p.[1]) eDirxRam

(2) A family of local residue conditions (B, f, V) consists of:

(a) a tame Fréchet manifold B,
(b) a tame smooth map f: B — Dir X Ram, and
(c) a subbundle V C (p*f)*S.

Here f*p: f*Br — B is the pullback of the universal branching locus and p*f: f*Br —
Br is the projection map; see Figure 3.

(3) A family oflocal residue conditions (B, f, V) defines a family of residue conditions (B, f,R)
such that for every b € B

Ry =T(Zy,Vlz,) CT(Z,Sp,) with (pp; Zp, [1]) = f(b). .
Remark 3.48. Here are some comments regarding Definition 3.47:
(1) S is related to the universal bundle of residues G, constructed in Section 3.4, by
G=pS;
in the sense that, for every (p, [[]) € Dir X Ram, G, |1} = T(p~'(p, [1]).9).
(2) Identifying f*G = f*p.S = (f*p).(p* f)*S, the tame Fréchet space subbundle R C *G is

R:= (f"p).V C f°G. )

It is very desirable for D to have the following property.

Definition 3.49. Let E and F be tame Fréchet space bundles over a tame Fréchet manifold B. A
map of tame Fréchet space bundles L: E — F is uniformly Fredholm if for every b € B there
exist an open neighbourhood b € % C B, finite-rank vector bundles Def and Ob over %, and
maps of tame Fréchet space bundles 7: E|y - Def and i: Ob < F|y such that the thickening

(L l) : E|lyy ® Ob — F|g & Def
T 0

is an isomorphism of tame Fréchet space bundles. .
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Ve p')*§ ———

!

fBr — 27 R:= (fp).V —— f*G G=p.$§
| I l l
B T» Dir X Ram B T» Dir X Ram
(a) (b)

Figure 3: Families of local residue conditions.

Proposition 3.50. Let (B, f, V) be a family of local residue conditions such that for every b € B,
X € Zp, andv € T,Z,\{0}

%

Vo) ® Y (@) Vipx) = Spyx-

Denote by (B, f,R) the corresponding family of residue conditions. Ifa: f*F — f*F is a map of
tame Fréchet bundles of order zero, then

Dr+a: Eg — fF

is uniformly Fredholm. Moreover, for every by € B the maps m: Eg|y — Def andi: Ob — f*F|y
in Definition 3.49 can be chosen such that there is a compact subset K C X such that for every
b € U the following hold:

(1) K € X\Zy;
(2) ifp € Epp hassupp(¢p) NK = @, then n(¢p) = 0; and
(3) supp(i(0)) € K for every o € Oby,.

Proof. By [BW25, Proposition 4.41], for every b € B the residue condition R, is elliptic; in
particular: for every k € N, the operator

k k Ip,(k k
Dy +a) = D + 0l HE'T(X\Z), S @ 13 Ry py) — HET(X\Zp, S ® Lys py)

b Pu:Rp

is Fredholm, and ker(DI({I;) + algk)) and coker(Dé’Z) + algk)) are independent of k € Ny.
Let by € B. Choose the following:

(1) a compact subset K € X\Zj,, with non-empty interior,
(2) an open neighbourhood by € % C B such that K C X\Z;, for every b € %,

(3) finite rank Euclidean vector bundles Def and Ob over % and maps of tame Fréchet space
bundles 7: Eg|y - Def and 1: Ob < f*F|y such that for every b € %:
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(a) for every ¢ € Egy

(DI < Nllmzs
(b) (i) if supp(¢) N K = @, then 7(¢) =0,
(ii) supp(i(0)) € K for every b € % and o € Oby,
(c) forevery b € % and k € Ny

b

(k) .
L7 =
b Tp 0

(k) (k)
DR;, +a lb)

is invertible.

(3.b) can be arranged with the help of Proposition 3.22. To see that (3.c) can be achieved, observe
the following. If LIEO) is invertible, then Ll()k) is invertible for every k € Ny by elliptic regularity
[BW25, Theorem 4.17]. Since b +— LIEO) is a continuous family of bounded operators between
Banach spaces (in a suitable trivialisation), it suffices to ensure that Ll(ag) is invertible. The latter
holds provided the induced maps ker(DI({ZZ + al(;g) ) — Defy, and Ob;, — coker(DI({(Z) + algg) )
are isomorphisms. Because of unique continuation, this can easily be arranged.

The argument in [Ham82, Part II Proofs of Theorem 3.3.3 and Theorem 3.3.5] shows that
inverses obtained from (3.c) assemble into an inverse of the map of tame Fréchet bundles

(DR+0, L

. 0):ER|%@Ob—>fF@Def. [ |

3.7 The universal subbundle of admissible Z/2Z spinors

Naively, one might hope to use E; as the ambient space for the construction of tame Fréchet
manifold structures on the universal moduli spaces of Z/2Z harmonic spinors introduced in
Section 1. However, for the arguments in Section 4.3 it is crucial to resolve the issue raised in
Remark 3.40 by working with a smaller ambient tame Fréchet space bundle Eg, the universal
bundle of admissible Z/2Z spinors. The following describes the fibres of Eq.

Proposition 3.51. For every p € Dir and (Z, [1]) € Ram the graded Fréchet space (K*(X\Z,S ®
Lp), (I[=llxx)ken,) defined by

K*(X\Z,S®1;p) = Hy (X\Z,S ® ;0;p) N (Dy) 'wio He (X\Z, S ® 0;p),  and
16 11xck = NPl ggeee + IVl gger + Nwiog Dyl ggees + IV WiogDppll

is tame; that is, it has the smoothing operator property. Here wig denotes multiplication by

(log(r)) = /1 +log(r)? and r denotes the distance to Z.

The proof uses the following observation.
Proposition 3.52. For every p € Dir, (Z, [I]) € Ram, ¢ € K*(X\Z,S® [;p), and k € N

Iwiogbllgeee + 117 wioglpgeos + IwiogVbllgier i 1t
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Proof. By [BW25, Lemma 3.3 and Proposition 4.27],

(3.53) I Ml ggeer Sk Nl gen + 1Vl e Sk M1l

Therefore, since [DL, log(r)] = r~ty(a,),

1 [
wiogbll s + 1Dy wioghllgros S 1 lpges + IVl + wiogDhbllgier < e

As a consequence, Wioe§ € H*1(X\Z,S ®1). Since ¢ € L®(X\Z,S® 1), res(wigp) = 0. By
[BW25, Theorem 4.11],

il S Iviogebliger + D wtogeblpe
and wieeP € H,’;Jr2 (X\Z,S ®1;0; p). Therefore, by [BW25, Lemma 3.3 and Proposition 4.27],
I gl + 1oVl S Ir Bl + Vowiogdler < glice. m
Proof of Proposition 3.51. For every ¢ € T'(X\Z,S ® [) with supp$ C r~1([0,1/2]) set
16l = 19l sz + 1Vl g + [Wi0gDpdllgins + I VWiog Dyl

Here V and DL are the models for V and DL constructed in [BW25, §3.2]. Since B := DL - DlIJ €

Diﬁ'Op,lj(S ® 1), [B,log(r)] = rlop(dr) and its conormal derivatives are bounded. Therefore,
for ¢ € K*(X\Z,S ® I;p) with supp ¢ € r~1([0,1/2]), by Proposition 3.52

[WiogBoll it SBk 1Wiog®llgrire Spk 41k
and
19 wiogBllge <k I Blyg + wiog VBl St I Bllgeos + wiog Vbl geos i gl
The above (and similar estimates) imply that

81l sk llxe  and  [Illxe Sk llllgx

Appendix A constructs a family of smoothing operators for (||—|[zx : k € Np). These
combined with the usual smoothing operators away from Z construct the required smoothing
operators as, for example, in [Par23, Proof of Lemma B.1; BW25, Proof of Proposition 4.32]. =

Proposition 3.54. For every p € Dir, (Z, [1]) € Ram, ® € K*(X\Z,S ® [;p), and 0 € Vect(X)
ZXDy® € HyY(X\Z,S® L;p);
in fact, for every k,f € Ny with ¢ > d/2, and ¢ > 0, there is a constant ci(€) < oo such that

K [ ~ [ _ [
| ZE DDl < el [ 10g D@l sgor + i (e) 1357 w0 DDl s

36



Proof. By (the proof of) the borderline L? Hardy inequality in dimension two,
I~ wiogoll g Sk Mloll e

see, e.g., [DS13, Proposition 3.1]. By (3.53),
||W10gVDII;.‘D||H§ Sk 1Dl

By [BW2s5, Proposition 4.28], HZF(X\Z,S ®Lp) € r'L®T(X\Z,S® L;p) and H.T'(X\Z,S ®
;0;p) € r IL*T'(X\Z,S ® [;p). Therefore,

k
K _ _ _
15 Dy@llge <k 110 @ VDL®llpge + V8 @ Dyl e < ZnunHk_mﬂ [WiogDL® |l yeeme.

m=0
This implies the asserted estimate using interpolation as in [Ham?79, §4.2; DL25, Lemma A.4]. =
Proposition 3.55 (cf. [BW25, Remark 4.45]). Let (p, [1]) € Dir X Ram and set Z := Br(I). Choose
a local infinitesimal uniformiser as in Proposition 3.34. For every ® € K*(X\Z,S ® I;p) and

v € TiyRam =T'(Z,NZ2)
ZEd e HXT(X\Z,S®L;p);

moreover, for every ® € K®(X\Z,S ® I;p) there is a unique Ly € T'(Z, Homp (NZ, S},)) such that
for everyv € TjjjRam
res(Z, ®) = Lo(vlz).

Proof. By Remark 3.40 and Proposition 3.52, VgamD(p, [;®) € HZ"F(X\Z, S ® I; p). Therefore,
by Proposition 3.39 and Proposition 3.54, ZX® € HXT(X\Z,S ® L;p).

A moment’s thought reveals that o — res(ZX®) is independent of the choice of infinitesimal
uniformiser. Moreover, it is C*(Z)-linear and, therefore, defines Ly € T'(Z, Hom(NZ, gp)).

Direct inspection of D! or rather the model operator lo)I, shows that Ly is A-anti-linear. m

By the method explained in Section 3.4, the above fibres assemble into the following tame
Fréchet space bundle.

Definition 3.56. Consider the tame Fréchet space bundle
Foo = wyo,Eo.
The universal bundle of admissible Z/2Z spinors is the tame Fréchet subbundle
Ego = Eg N D™'Fyy C Ey;

indeed: the preceding discussion and direct inspection show that the atlas constructed in
Definition 3.25 induces an atlas for Egp; cf. Remark 3.27 (1). Denote by

ESO - E()o

the open subset of non-degenerate admissible Z/2Z spinors; that is: the subset consisting of
those admissible Z/2Z spinors (p, [1]; @) € Eyy for which L¢ is injective. °
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The crucial observation is that every non-degenerate admissible Z/2Z harmonic spinor
defines a residue condition.

Proposition 3.57. Assume that rka S = 2. Denote by f : E;, € Eqo — Dir X Ram the projection
map and by
Ve f)s
the subbundle such that for every (p, [1]; ®) € Ej,
Vp,[I];(I) =im Lq;.

(E5y, f> V) is a family of local residue conditions that satisfies the hypothesis of Proposition 3.50.

Proof. Since Ly is A-anti-linear and dimimLg = %rk S, this follows from [BW 25, Example
4.44]- n

3.8 Chiral adaptations

Throughout this subsection, assume that X is oriented and dimX = 0 (mod 4). For every
p € Dir and [[] € Ram the volume form induces a chirality operator ¢ := y(voly). This
decomposes S = S* @ S~ and splits the entire discussion so far into positive and negative chiral
parts. Most of this is entirely formal.

Definition 3.58. Here is the decomposition of the objects constructed in Section 3.4:
(1) Decompose the tame Fréchet space bundles E, F, and G into tame Fréchet subbundles
(3.59) E=E*"®E, F=F' ®F, and G=G'®G".
with fibres over (p, [I]) € Dir X Ram given by
E;—;I = H’T(X\Br(I), S* ® I; p),
F;_;,I = H,’T(X\Br(I),S* ® ;p), and
Gy =T(Br(D), ).

(2) Decompose the universal Dirac operator D: E — F into the universal chiral operator
D*: E* — F7 such that
0 D~
D= .

3) Decompose the universal residue map res: E — G into the universal chiral residue ma
P Y P
res*: E* — G*. .

The partial covariant derivatives constructed in Section 3.5 respect the above decomposition
mostly, but not entirely.

Proposition 3.60.

(1) The restriction of the slice partial covariant derivatives V3 to Hgg and Vy preserves the
splittings (3.59).
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Figure 4: The universal chiral Dirac operator and residue map.

(2) Inthe situation of Definition 3.38, the partial covariant derivatives VR*™

(3.59); moreover, for every (p, [1]; ¢) € E*|y, and v € TjjRam

preserve the splittings

ViAmD*(p, [1];¢) = [Z£5, D}l
Proof. (1) follows by direct computation. By direct inspection, x, defined in Definition 3.14
commutes with ¢. This implies (2). [ |
Definition 3.61. (Local) chiral residue conditions can be imposed in families as follows:
(1) A family of chiral residue conditions (B, f, R*) consists of:

(a) a tame Fréchet manifold B,
(b) atame smooth map f: B — Dir X Ram, and
(c) atame Fréchet space subbundle R* C f*G*.
Set
Ez. = (f'res®) '(RY)
and denote the restriction of f*D to Eg. by

Di.: Ei. — f'FF

(2) (a) Decompose the universal residue bundle S as
S=S*eS”

into the universal chiral residue bundles $* over Br.
(b) A family of local chiral residue conditions (B, f, V*) consists of:

(i) a tame Fréchet manifold B,
(ii) a tame smooth map f: B — Dir X Ram, and
(iii) a subbundle V* C (p*f)*S*.

Here f*p: f*Br — Bisthe pullback of the universal branching locus and p*f: f*Br —
Br is the projection map.
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(c) A family of local chiral residue conditions (B, f, V*) defines a family of chiral residue
conditions (B, f, R*) such that for every b € B

R =T(Z, V*|z,) ST(Z,S;,) with  (py; Zp, [1p]) = F(b). .

It is immediate from the discussion in Section 2.5 that the following variant of Proposi-
tion 3.50 holds.

Proposition 3.62. Let (B, f, V*) be a family of local chiral residue conditions such that for every
beB,x e Z,andv € T.Z\{0}

V(ib’x) EB]PY(U)VELb,x) = S;fb,x.

Denote by (B, f,R*) the corresponding family of chiral residue conditions. If a: f*F* — f*F¥ is
a map of tame Fréchet bundles of order zero, then

Di. +a: Ef. — f'FF

is uniformly Fredholm. Moreover, for every by € B the maps n: Eg.|y — Def andi: Ob —
f*FF|g in Definition 3.49 can be chosen such that there is a compact subset K C X such that for
every b € U the following hold:

(1) K € X\Zy;

(2) ifp € E;—;i’b has supp(¢) N K = @, then n(¢) = 0; and

(3) supp(i(0)) € K for every o € Oby,. [

Finally, it remains to decompose the universal bundle of admissible Z/2Z spinors and the
resulting family of local residue conditions.

Definition 3.63. The tame Fréchet space bundles Eyy and Fy defined in Definition 3.56 decompose
into

Eqp =Ej, ®Ey, and Fy =Fj, @ Fy,.
with Ej, denoting the universal bundle of admissible chiral Z/2Z spinors. The latter contains

the open subset
+,% +
Ey S Ego

of non-degenerate admissible chiral Z/2Z spinors. For every (p, [];®) € E;", the map Lo
constructed in Proposition 3.55 corestricts to
L; € T'(Z,Homa(NZ,S;)).
The images define a family of local chiral residue conditions
(g f V).
If rka S* = 2, this family satisfies the hypothesis of Proposition 3.62. .

40



4 The constructions of the tame Fréchet manifold structures

Using the framework laid out in Section 3, this section constructs tame Fréchet manifold
structures on PHarm*, PEig*, and PHarm™®*, thereby establishing Theorem 1.1, Theorem 1.6,
and Theorem 1.7. The final two subsections derive Theorem 1.10 and Theorem 1.13.

4.1 Uniformly Fredholm maps

The results to be proved in this section refer to the following notion.

Definition 4.1. Let X, Y be tame Fréchet manifolds. A tame smooth map f: X — Y is uniformly
Fredholm if for every x € X there are a tame Fréchet space F, a chart ¢: U — U C Fx R¥ of X
with x € U,a charty: V — V C Fx R’ of Y with f(x) € V, a smooth map F: U — R’ such
that

Yofod (y.2)=(y.F(y.2). .

In this case, k — ¢ is independent of the choice of charts and defines the index of f as a locally
constant map
index f: X — Z.

Remark 4.2. A uniformly Fredholm map for which one can always choose ¢ = 0 is nothing but
uniform submersion in the sense of [Gl516, p. 2].2 Variations of the above notion are discussed
in [Die, §2.2.3; DR22, §3.3]. )

The significance of uniformly Fredholm maps arises from the fact that they are compatible
with transverse base change.

Proposition 4.3. Let X, Y, and Z be tame Fréchet manifolds, f: X — Y uniformly Fredholm
and g: Z — Y tame smooth. If f and g are transverse; that is: for every (x,z) € X X Z with
f(x) =9g(2) =y themap T f + T,g: T.X ® TI,Z — T,Y is surjective; then:

(1) the fibre product
g'X = {(x,z) eXXZ: f(x) :g(z)}

is a tame Fréchet submanifold, and
(2) the mapg*f: g°X — Z is uniformly Fredholm and index g* f = (index f) o f*g.

Proof. 1t suffices to consider the situation in which F is a tame Fréchet space, X is an open subset
of F X R¥, Y is an open subset of F x R, and f(x, x1) = (xo, F(x0, x1)). By direct inspection,

9°X = {(z.x0,%1) € ZXFX R : xq = pr, 0 g(2), F(pr, 0 g(2),x1) = pr, 0 g(2)}.

By the transversality assumption, at every (z, xo, x1) € g*X, the derivative of the map (z,x;) —
F(pr, 0 g(z),x1) — pr, o g(z) is surjective. Therefore, the assertion follows from the version of
the regular value theorem stated in [Ham382, Part Il Theorem 2.3.1]. [ |

The hypothesis in Proposition 4.3 is generic according to the following parametric transver-
sality result.

2Glockner does not use the adjective uniform.
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Proposition 4.4. Let X, Y, and P be second-countable tame Fréchet manifolds, Z a second-countable
(finite-dimensional) manifold, and f: X — Y uniformly Fredholm. IfG: P X Z — Y is transverse
to f, in particular, if it is a naive submersion; that is: Ty )G : TyPOT,Z — Tg(p,.)Y is surjective
for every (p,z) € P X Z, then the subset

ph = {p €P:g, =G(p,—): Z—Y is transverse tof}

is comeager.
The proof relies on the following observation.

Theorem 4.5 (Smale [Sma65]). Let X and Y be second-countable tame Fréchet manifolds. If
f: X =Y is uniformly Fredholm, then its set of regular values

RegVal(f) = {y € Y : T, f is surjective for every x € f ' (y)}
is comeager.

Proof. As pointed out by [DR22, Remark 3.4], the proof in [Sma65] carries over to the present
situation. [ ]

Proof of Proposition 4.4. By Proposition 4.3, G*X is a second-countable tame Fréchet submani-
fold, and G*f: G*X — P X Z is uniformly Fredholm. Let (p, z, x) € G*X and set y := f(x). The
Snake Lemma applied to

LZOTX — T,POLZ & T, X —> T,P
ngp—Txfl ¢T(p,z)G—Txf

yields an exact sequence

T(p,2x) (prpoG™f)
T(pzx)G"X e T T,P - coker(T.g, — T..f).

Therefore, p € P™ if and only if it is a regular value of prp o G*f: G*X — P. Since Z is
finite-dimensional, prp o G*f is uniformly Fredholm. Therefore, the assertion follows from
Theorem 4.5. [ |

Remark 4.6. There is a version of Theorem 4.5 for uniformly left semi-Fredholm maps [Qui7o].

Using this the hypothesis that Z is finite-dimensional can be dropped. &

4.2 The Nash—Moser submersion theorem

The proofs of Theorem 1.1, Theorem 1.6, and Theorem 1.7 use the following Nash—Moser version
of the submersion theorem.
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Theorem 4.7. X andB be tame Fréchet manifolds, V a tame Fréchet space bundle over X, prg: X —
B a uniform submersion, s € I'(X, V) a tame smooth section, and V a partial connection on V with
respect to the vertical tangent bundle TX/B := ker Tprg C TX. If there is a finite rank vector
bundle Def over X and a map of tame Fréchet space bundles m: TX/B —» Def such that the
thickening

(4.8) (Y:) . TX/B — V @ Def

is an isomorphism of tame Fréchet space bundles, then:

(1) the zero locus
Z=s10)cX

is a tame Fréchet submanifold,
(2) the projection prg: Z — B is a uniform submersion, and
(3) TZ/B =ker T(prg|z) = Def]|z.

Proof. Since the statement is local, it suffices to consider the situation in which X = U X B is the
product of open neighbourhoods of the origin in two tame Fréchet spaces, and V is a product
bundle, whose fibre we continue to denote by V. In this case,

s: UxB—>V

is a tame smooth map, and we may further assume that (0, 0) € s~1(0).

The assumptions imply that Def = ker(Vs); let Defy denote the fibre over (0, 0), and let
7my: TU — Def, be a projection to this fibre. For an open neighbourhood of the origin K € Def,
consider the family of augmented maps

5: XX K — V& Def

defined by 5(x, k) = (s(x), mo(x) — k), where my(x) is understood by viewing U C TU as a
subset. The covariant derivative

Vs := (Vs,m): TX/B — V & Def

is an isomorphism; indeed, viewing Def C TU as ker(Vs) as above, ny: Def — Def is a map
of finite-rank vector bundles that is the identity over the origin, hence we may assume it is an
isomorphism after shrinking U, B, and K.

Let G: V — TU denote the restriction of the inverse of (4.8) to the first component in the
codomain, which is a tame smooth family of right inverses of Vs. Then

G: Vo Defy —» TX/B with 5<u,b) (0,9) = Gup)v + 77.'0_1 (q - EOG(u’b)U)
is a tame smooth family of inverses for Vs. Moreover,

(T3) (up) G up) (0,9) = (9,9) — (T (G (up) (05 9))5, 0).
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Thus G is an inverse of TS up to an s—quadratic error term. [Ham§82, Part IIl Theorem 3.3.4]
then applies to show that there is a tame smooth map ®: B x K — X whose value at (b, k) is
the unique solution to

s(®(b,k)) =0 and m(pry®(b,k)) =k

in X. By construction, (prg, 9 o pry) o ® = id, hence ® provides a chart on Z = s~*(0) which is
already of the form in Definition 4.1. This shows (1) and (2). The same composition in the second
factor alone shows that T®(b, —): Defy — TZ/B is an isomorphism, which shows (3). ]

4.3 The universal space of non-degenerate Z/2Z harmonic spinors

This subsection proves Theorem 1.1; that is: assuming that dim X = 3 and rk S = 4, the space of
non-degenerate Z /27 harmonic spinors

Harm" := {(p, [1];®) € Ey : D]I,QJ =0and ®is non—degenerate}

shall be equipped with the structure of a tame Fréchet manifold such that the projection map
pIp;: Harm® — Dir is uniformly Fredholm of index zero. Since

PHarm* = Harm"/R*,
this immediately implies Theorem 1.1. Of course, throughout the following four subsubsections
it is assumed that dim X =3 and rk S = 4.
4.3.1 Local thickenings of the universal space of Z/2Z harmonic spinors

The following is the essential step in the proof of Theorem 1.1.

Proposition 4.9. For every (po, [lo]; o) € Harm™ there are an open subset % C E;, with
(po» [To]; @o) € % and a finite rank subbundle Ob C f*Fog|o such that:

(1) 7" = prp; (%) < Dir is open,
(2) the local thickening
Harm' = {(p, [I];®) € % : Dy® € Ob} C %
is a tame Fréchet manifold, and
(3) the projection map pro,: Harm' — 7 is a uniform submersion.

*

Proof. The proof consists of five steps. Denote by (Eg,, f,R) the residue condition from Propo-
sition 3.57. Let (po, [lo]; @o) € Harm™.

Step 1. Choice of % and Ob C Fy|y.
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By Proposition 3.50 and Proposition 3.57, there are an open neighbourhood (py, [lo]; o) €

% C E;, finite rank vector bundles Def and Ob over %, and maps of tame Fréchet space bundles

7: Er|ly > Def and 1: Ob «— f*F| such that

DR l

T 0
is invertible. Moreover, Proposition 3.50 guarantees that i can be chosen so that it factors
through j: Ob — f*Fy|; in fact; the i(0) are always supported away from Z. Henceforth,
Ob shall be regarded as a subbundle of f*Fy|y.

Since pry;,: Ej, — Dir is a submersion, 7" := prp;.(%) C Dir is open. The task at hand is
to prove that, after possibly shrinking %, (2) and (3) hold with the help of Theorem 4.7.

Step 2. Setup for Theorem 4.7.

Consider the tame Fréchet space bundle
Q = f*Foo/Ob
over % . Define the section s € T'(%, Q) by
s(p, [1];®) = D,® (mod Oby [10)

Evidently, Harm® = s~1(0).
The vertical tangent bundle of % fits into the short exact sequence.

f*Eoo — T% /Dir —» f*FRam

Choose a local infinitesimal uniformiser and define VR2™ as in Definition 3.38. This splits the
above short exact sequence and defines a partial covariant derivative on Q such that, for every
(p,[1];:®) e %

(V$)p.111:0) * Eoop, (1) © TjijRam — Qp 10

(4.10) (¢,0) DII)gZS + (VgamD) (p, [1];®) (mod Oby [11.0)-

It can be arranged that the subsets supp (VR2™D)(p, [[]; @) are always disjoint from the compact
subset in which the elements of Ob are supported.
The task at hand is to prove that, after possibly shrinking % > (po, [lo]; @o), the thickening

Vs

/s
is an isomorphism of tame Fréchet space bundles and thus the hypotheses of Theorem 4.7 are
satisfied. The latter directly implies (2) and (3).

Step 3. Reduction to the invertibility of a lift.
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It is evident from (4.10) that Vs lifts to
Vs: f*(Ey ® F™) > Q = f*F|y/Ob
such that the following diagram commutes

F*(Ego @ FRom) T o @ Def

| [

f(Ey® gRam) — Q ® Def.
(Vs,m)

By Proposition 3.52 and Remark 3.40, for every (p, [l];®) € Eqo, (VoD)(p, [l];®) € Fooyp [1-
Therefore, if (§,0) € Eqp 1) © FRam and ¢ € Foo,p,[1] satisfy

pl
Dy + V™ D(p, [1;®) =y (mod Oby[1j0),
then Dy¢ € Foop[1]- As a consequence, if (Vs, 7) is an isomorphism of tame Fréchet space

bundles, then (Vs, ) is an isomorphism of tame Fréchet space bundles.

The next two steps verify that (Vs, ) is an isomorphism of tame Fréchet space bundles,
after possibly shrinking %.

Step 4. A slight change of perspective.
Define Oy, O : Ey & FRaE™ 5 Ep by

Ocxt(p, [1], D:4,0) = (p, [1;¢ — ext(Lgo)) and O (p, [, ®;4,0) := (p, [[];¢ — L5 D).

By the discussion in Section 3.6, ¢y is an isomorphism of tame Fréchet space bundles with
inverse

Ot (P [11. ©;9) = (p, [1], ®; ¢ — ext(res(y))), —Lg res(¥))).
By direct computation,

Oyt © Ok (p, [1, @5 6,0) = (p, [1], ©; ¢ — ¥o(0),0)

with
Yo (v) = LKD — ext(Lov).

By construction, res(¥y(0)) = res(ffffb) — res(ext(Lgo)) = 0. Evidently, ©_} o O is an
isomorphism of tame Fréchet space bundles; hence, so is Og.
From Proposition 3.39 and (4.10) it follows that
Vso®g' =D +P (mod Ob)
with the perturbation P defined by

P(p, [1,®:9) = (p, [1. &% () Dy®)  and o (y) = o(p, [1], ~Lg res(y))).
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Step 5. Proof of invertibility.

By construction, the thickening

Dg = (]3:‘) (mod Ob)

—-1
is an isomorphism of tame Fréchet space bundles and its inverse Dy satisfies tame estimates of
the form

—1
DR (¥, Ol s 11l + N15]]-

By Proposition 3.54, P is a small perturbation in the sense of [DL25, Appendix A]. Therefore, as

a consequence of [DL25, Proposition A.5], Dg + P is invertible. [}

4.3.2 Transversality of the obstruction map

Proposition 4.11. In the situation of Proposition 4.9 the obstruction map ob: Harm' — Ob
defined by
ob(p, [1];®) := D} @

is transverse to the zero section.

Proof of Proposition 4.11. Let (p, [I];®) € ob™'(0) € Harm*. By Proposition 3.30, for every
Ve QY(X, 0ce(S)), pv = (O;O;V;O) € T(p’[l])SI and

3
VED(p.L®) = ) y(en)Ve,®.
i=1

There is a compact subset K C X\Z with non-empty interior on which ® does not vanish. By
Remark 3.7 and Lemma 4.12, for every ¢ € I'(X, S ® [) with supp() C K there is a V such that

3
Z y(ei)Ve,® = 1.
i=1
Since prpy;,.: Harm' — Dir is a submersion, there is a lift Q' (X, 0ce(S)) — T(p [1],0)Harm".
From the above it is clear that the composition

Q1 (X, 0cs(S)) < T, Harm! —2% 7 Ob - Ob
. oce (p.[1];0)Harm ®.110) (PI1:)

is surjective. Therefore, ob is transverse to the zero section. ]

Lemma 4.12. For every ¢ € H\{0} and € H there are £, n,{ € ImH such that

ipE+ jon + kgl = 9.

Proof. By direct inspection, it is possible to choose g, 7, g; € Im H such that isg +jR+ kf =ypL.
Set =¢85, n =710, =974, "
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Proof of Theorem 1.1. It is an immediate consequence of Proposition 4.9, Proposition 4.11, and
[Ham82, Part III, Theorem 2.3.1] that Harm® C E;, is a tame Fréchet submanifold and that
pIp;: Harm® — Dir is uniformly Fredholm.

By [BW25, Corollary 2.30], the family of residue conditions introduced in Proposition 3.57 is
Lagrangian. As a consequence rk Def = rk Ob and, therefore, prp,;, has index zero. This directly
implies Theorem 1.1. ]

Remark 4.13. The proof of Theorem 1.1 identifies the vertical tangent spaces of Harm*: indeed,
if (p, [1], ®) € Harm", then identifying Eq., 1] ® Tj;jRam = Eryp [1].9 ® Tj;jRam

ker T(p,[1]:0)Prpyr = ker Dgy- *
Of course, the corresponding vertical tangent space of PHarm" is ker Dy, /R(®).

4.3.3 A transversality criterion

Here is how to verify whether or not a smoothmapI': B — Dir is transverse to prp,.: PHarm"* —
Dir.
Definition 4.14. Let (p, [I]) € Dir X Ram and ¢, ¥ € T'(X\Br(I),S ® I).

(1) The stress-energy tensor Ty y € I'(X\Z, Hom(S?TX, R)) is defined by
Ty y (v, w) = —%(Q’(U)Vmﬁ, )+ y(W)Vod ) + (Y (0) Vi), @) + (y (W) Vo, 9)).

(2) Define p(4,9) € Q'(X\Z, oc,(S)) by

B 9) = ST G- + 9 ).

with 7* denoting the adjoint of the linear map y: T*X ® oc¢(S) — Sym(S) defined by
7(a®§) =y(ah)i. .

Proposition 4.15. Let B be a manifold and T: B — Dir a smooth map. The following are
equivalent:

(1) T is transverse to prp;,.: PHarm" — Dir.
(2) Foreveryb € B and (p, [1];®) € Harm" with I'(b) = p the map
d¢: TpB — (ker Dg,)"
defined by
80(0)K = (T, TyPrpger © ToL'(0)) 2 + (D, ), pry, © T,T(0)))

is surjective. Here Ry denotes the residue condition induced by .
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Proof. Let b € B and (p, [[];®) € Harm* with T'(b) = p. In the construction of Harm', Ob
can be chosen such that the L? orthogonal projection IT onto ker Dg, induces an isomorphism
Oby, = ker Dg,. In particular, as a consequence of the construction of Harm*, I' and pryy;, are
transverse at b and (p, [[]; @) precisely if the map

TpB — ker Dg,
v = IIV7,r ) D(p, [1]; D)

is surjective. By direct inspection this is equivalent to d¢ being surjective; cf. [Maig7, Proof of
Proposition 4.1] or [AD25, Proof of Lemma 3.2]. Evidently, the V& component of T,T'(v) does
not contribute. [ |

Remark 4.16. The (dual of the) condition (2) is a Petri condition; cf. [Wen23, §5; DW23, Definition
1.1.11]. Here are some comments on the usefulness of the contributions to d¢ to verify this
condition:

(1) The map p(®,-): T(X\Z,S®1) — QY(X\Z, 0c,(S)) factors through a linear map S ®
I — Hom(TX, 0c,(S))|x\z which is injective on the dense open subset X\®~'(0) by
Lemma 4.12. Of course, this is what enabled the proof of Proposition 4.11 and makes the
second contribution to d¢ quite useful.

(2) The map Tp—: T'(X\Z,S ® ) — T'(X\Z,Hom(S*TX, R)) factors through J}(S® [) —
Hom(S*TX, R)|x\z. If Ty = 0, then g is conformally flat by [Maig7, Proof of Theorem
1.2]. Therefore, the first contribution to ¢ might not always be useful. However, it is
quite possible that for generic metrics it is. Maybe, the methods developed by [GK26] can
be brought to bear on this.

The above issue also is what stands in the way of establishing a version of Theorem 1.1
for Z /27 harmonic spinors on Dirac bundles arising from a (topological) spin structure
on X. *»

4.3.4 The universal zero locus

Here is an observation to the effect that generic non-degenerate Z/2Z harmonic spinors do not
vanish outside of the branching locus.

Proposition 4.17. The universal zero locus of non-degenerate Z /27 harmonic spinors
Zpttarm = {(p. [1]; [®], x) € PHarm" X X : x ¢ Br(I), ®(x) = 0}
is a tame Fréchet submanifold of PHarm* X X and prpy,rm* © ZpHarm* — PHarm™ has index —1.

Proof. There is a rank 4 vector bundle & over PHarm* X X whose fibre over (p, [1]; [®], x) is
Hom(R(®), S, ). Evaluation defines a section ev € I'(PHarm"* X X, &). If ev is transverse to the
zero section, then, by [Ham82, Part I, Theorem 2.3.1], Zpyarm* is a tame Fréchet submanifold
and index prpg s = dimX —rk & = 1.
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To prove that ev is transverse to the zero section, it suffices to prove that for every
(p, [1]; [®], x) € ZpHarm* and ¢ € (S ® ), there are ¢ € H’T'(X\Z,S ® [;Ry; p) and p € T,Dir
such that

¢(x) =y and Dy¢ + VyD(p, [1]: D) =0.

To prove this, it suffices to prove that
ker evy ® T,Dir — H,°(X\Z,S® [;p)
(4, p) = Dy + VyD(p, [1]; )

is surjective. Here evy: H'T(X\Z,S ® [; Rp; p) — Sx denotes the evaluation map. The restric-
tion of DII, to ker ev, is Fredholm and coker D}I,|kerevx = (ker Dg, ® D},Sx)* for every choice

of lift S, of S, along ev,. With this in mind, the surjectivity of the above map follows by the
argument employed in the proof of Proposition 4.11. ]

The above might be somewhat interesting in view of [DW21; Yan2sa; Yanasb].

4.4 The universal space of non-degenerate Z/2Z eigenspinors

Assuming that dim X =3 and rk S = 4, consider the universal space of non-degenerate Z/2Z
eigenspinors
Eig" := {(p. [1]; ;1) € Eg, X R : D,® = 1}

To prove that Eig* is a submanifold and prp,;,: Eig® — Dir is uniformly Fredholm of index 1,
one proceeds as in Section 4.3.

Proposition 4.18. For every (po, [lo]; ®o, Ag) € Eig" there are an open subset % C E;, X R with
(pos [To]; @0, Ao) € % and a finite rank subbundle Ob C pr} f*Fooly, such that:

(1) 7 := prp; (%) C Dir is open,
(2) the local thickening
Eig' == {(p. [1l:®, 1) € % : (D, — )@ € Ob} C %
is a tame Fréchet manifold, and
(3) the projection map pry: Eigt — ¥ is a uniform submersion.

Proof. The proof of Proposition 4.9 carries over with very minor modifications. In particular,
Ob is constructed using Proposition 3.50 applied to D — A and s is defined by

s(p. [1]:@,2) := (D} = )@  (mod Oby, [1.0). n

Proposition 4.19. In the situation of Proposition 4.18 the obstruction map ob: Eig' — Ob defined

by
ob(p, [1]: @, 1) := (D, — )P

is transverse to the zero section. [ |
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Proof of Theorem 1.6. As a consequence of Proposition 4.18, Proposition 4.19, and [Ham82,
Part III, Theorem 2.3.1], it follows that Eig® C E;; X R is a tame Fréchet manifold and that
pIp;: Eig" — Dir is uniformly Fredholm of index 1. This implies the assertion. |

Here is the analogue of the transversality criterion Proposition 4.15.

Proposition 4.20. Let B be a manifold and T': B — Dir a smooth map. The following are
equivalent:

(1) T is transverse to pryy,;.: PEig*® — Dir.
(2) Foreveryb € B and (p, [1]; [®],4) € PEig" with'(b) = p the map
So: ToBXR — (ker(Dg, — A))"

defined by

Sp (v, )k = <Tq)’,<, ToPrpet © T;,I‘(v))L2 + (,u(CD, K), Pry;, © TbF(0)>L2 — (D, k)2
is surjective. Here Ry denotes the residue condition induced by ®. ]

Remark 4.21. It should be observed that try T, = —%A(CD, k) and, therefore, Ty _ cannot vanish
if A #0. *

Finally, similar to Proposition 4.17, generic non-degenerate Z/2Z eigenspinors do not vanish
outside of the branching locus.

Proposition 4.22. The universal zero locus of non-degenerate Z [2Z eigenspinors
Zpgig = {(p. [1]; [®], A, x) € PEig" X X : x ¢ Br(I), ®(x) =0}

is a tame Fréchet submanifold of PEig* X X and prpg;g: Zpgigr — PEig" has index —1. ]

Finally, it should be pointed out that its is straight-forward to verify that zero is a regular
value of the projection map A: PEig* — R.

4.5 The universal space of non-degenerate chiral Z/2Z harmonic spinors

Proof of Theorem 1.7. Theorem 1.1 carries over with cosmetic modifications and using Proposi-
tion 3.62 instead of Proposition 3.50. [ |

Here is the analogue of the transversality criterion Proposition 4.15.

Proposition 4.23. Let B be a manifold and IT': B — Dir a smooth map. The following are
equivalent:

+,%

(1) T is transverse to prp;.: PHarm™" — Dir.
(2) Foreveryb € B and (p, [1]; ®) € Harm™"* with T (b) = p the map

So: T,B — (ker Dj:)"
D
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defined by

do(v)Kk = <Tq),,<, TpPTyset © Tbr(0)>L2 + <,u(<1>, K),prvV o TbF(v))>L2
is surjective. Here Ry, denotes the chiral residue condition induced by ®. ]

Remark 4.24. Observe that the codomain of J¢ is ker D7, the kernel of the adjoint of D3, . In

1) D
the previous version of the transversality criterion self-adjoint operators were considered and
the distinction made no difference. *

4.6 The universal space of non-degenerate Z/2Z harmonic 1-forms

This subsection proves Theorem 1.10. Throughout this subsection, dimX =3 and S =R & T*X.
The map yygr : Met — Dir, alluded to before the statement of Theorem 1.10, assigns to every
Riemannian metric g € Met the Dirac bundle structure on S with respect to which the Clifford
multiplication is given by

y()(f.a) = (=ipa, o f + (" A @)
and the spin connection is induced by the Levi-Civita connection. The pullback

£

Haer

| = g Harm®™.

is the universal space of non-degenerate Z/2Z harmonic 1-forms on X. Indeed, if (g, [1]; f, @) €
Harm(,, then
d*df =d"(df + *da) =0

and, therefore, df = 0 by integration by parts and using that (f, @) has vanishing residue. Since
Br(l) # @, an assumption that is tacitly made, f = 0. Therefore ([I], @) is a Z/2Z harmonic 1-
form with respect to g. Conversely and evidently, if ([I], &) is a non-degenerate Z/2Z harmonic
1-form with respect to g, then (g, [1];0,«) € Harm,,.

Here is some preparation regarding the finite rank vector bundle #! — Met X Ram
mentioned in Theorem 1.10.

Proposition 4.25. For every [I] € Ram the double cover r: X° = {z; el: o] = 1} - X\Z
extends to a smooth branched double cover m: X — X.

Proof. The Euclidean line bundle [ determines a double cover SNZ of the unit sphere bundle
SNZ. The latter is the boundary of the unit disc bundle DNZ. The question is whether SNZ
also is the boundary of a disc bundle DN Z that is a branched double cover of DNZ. It turns out

that the obstruction to the existence of DNZ is wy(NZ) € H2(Z, {#1}). The latter, however, is
the restriction PD([Z])|z and vanishes by Remark 3.10. [ |

Definition 4.26 (cf. [BW25, Example 3.48]). For every (g, [I]) € Met X Ram the residue bundle
S over Z := Br(I) contains the A-linear subbundle

Sp = N*Z®y NZ~V/2,
These form a family of local residue conditions (Met X Ram, igqr X idram, éD). Denote the

associated family of residue conditions by (Met X Ram, ijgr X idram, Rp)- °
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This is an elliptic Lagrangian family of local residue conditions. As a consequence of
Teleman’s Lipschitz Hodge theory [Tel83], the associated kernels form a vector bundle.

Proposition 4.27. For every (g, [1]) € Met x Ram the following hold:

(1) The kernel of D}?D,g consists precisely of the L*> harmonic |-twisted 1—forms; that is:

kerD}QD’g =%"(g.[1]) = {a € L*Q'(X\Z,1) : da = d*a = 0}

(2) Pulling back along m: X — X induces an isomorphism
(g, [1) = Hip(X)".

Here HéR()N()_ denotes the subspace ofHéR()N() which is anti-invariant under the sheet-
swapping involution 7.

Proof. If (f, a) € ker D}?D 5 then d*df = 0. Since the scalar component of res(f, «) vanishes, by
integration by parts, df = 0; Since Br(l) # @, f = 0. This proves that ker D}zDg c Z(g [1)).
Conversely, if @ € #(g, [1]), then by [Donz1a, (4.1)] it has an expansion of the form

a = Re(Az"?dz) + higher order terms.

Here z is a local complex normal coordinate and, globally, A € I'(Z,NZ -1/ 2). Therefore,
(0, ) € H*(X\Br(I),S ® 1) and res(0, @) € Rp. This proves (1).

The proof of (2) is a variation of the proof of [Wang3, Proposition 5]. The metric 7*g
degenerates along the ramification locus 7~ (Br(I)). This is a consequence of the fact that
near the ramification locus 7 is locally modelled on (x,z) +— (x,2?). There is a Lipschitz
map o': X — X which is: (1) modelled on (x,z) — (x,22/|z|) near the ramification locus,
(2) invariant under 7, (3) homotopic to , and (4) such that g := ¢*g is a Lipschitz Riemannian
metric in the sense of [Tel83, §3]. A moment’s thought shows that %' (g, [1]) pulls back under
o precisely to the space of 7-anti-invariant L? harmonic forms with respect to g in the sense of
[Tel83, (4.4)]. Therefore, the assertion follows from the version of the Hodge theorem stated in
[Tel83, Theorem 4.1]. [ |

Corollary 4.28. The vector spaces % (g, []) form a finite rank subbundle of (izar X idRam)*E —
Met X Ram. [ |

It turns out that the local residue conditions defined in Proposition 3.57 and Definition 4.26
are related as follows.

Proposition 4.29. If (g, [I]; @) € Harmy,,, then
imL, = Sp.
Proof. As explained in [Donz21a, (4.1)], @ has an expansion of the form

a = Re(Bz'/%dz) + higher order terms.

Here z is a local complex normal coordinate and, globally, B € T'(Z, NZ* ®a NZfl/z). A
moment’s though shows that up to a constant factor B is nothing but L,. As a consequence,
imL, C Sp. Since rk L, = rk Sp, this inclusion is an identity. [ |
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*

- : : . % . . .
Proof of Theorem 1.10. Since igdr is not transverse to prp;,.: Harm® — Dir, a priori Harm,,

might not be a tame Fréchet submanifold of tzar Eoo-

Let (go, [lo]; @) € Harm{,,. Consider a local thickening Harm' containing (t1qr (o), [lo]; @)
as in Proposition 4.9. Since pry: Harm' — 7 is a uniform submersion, [ dRHarmt € 114rE00
is a tame Fréchet submanifold and the projection map ¢, .. Harm' — L;I(liR(W) is a uniform
submersion. Evidently, ij; dRHarmt 2 Harm,, N 4, %.

By the preceding propositions the thickening Harm' can be chosen such that for every
(9, [1]; &) € i, ,Harm' the L? orthogonal projection Ob,[1},, — # (g, [1]) is injective. By

HdR
construction, if (g, [[]; a) € i, ., Harm', then

*

HdR

*

HdR

da=0 and xda € Oby(.q.

However, the L? orthogonal projection of *da onto %! (g, [1]) vanishes by integration by parts,

since « has vanishing residue. As a consequence the obstruction map 1, ob vanishes. Therefore,
[ dRHarmt is an open neighborhood of (gy, [lo]; @). This proves (1).

In light of Remark 4.13, (2) holds as a consequence of Proposition 4.27 and Proposition 4.29.

|

4.7 The universal space of non-degenerate Z/2Z harmonic self-dual 2—forms

This subsection proves Theorem 1.13. Throughout this subsection, dim X = 4, X is oriented,
and S = T*X ® R & A*T*X. The map igr: Met — Dir, alluded to before the statement of
Theorem 1.13, assigns to every Riemannian metric g € Met the Dirac bundle structure on S with
respect to which the Clifford multiplication is given by

y@) (@ f. B) = (0" = V2o —ie, V2(o" A 0)¥)
and the spin connection is induced by the Levi-Civita connection. The pullbacks

PHarm’

o1 = ljjggPHarm™ and PHarmy,, ‘= ;. PHarm ™"

are the universal moduli spaces of non-degenerate Z/2Z harmonic 1-forms and self-dual
2—-forms respectively.

Definition 4.30 (cf. [BW25, Example 3.48]). For every (g, [[]) € Met X Ram the chiral residue
bundle $* over Z := Br(I) contains the A-linear subbundle

SHi=N'ZeaNZ'?* or S;:=(T"ZANZ)* @y NZ7/?

respectively. These form a family of local chiral residue conditions (Met X Ram, t34r X idram, g;-;).
Denote the associated family of chiral residue conditions by (Met X Ram, 1yyqr X idram, RE). .

55 695'5 is an elliptic Lagrangian family of local residue conditions and the associated kernels
form vector bundles.

Proposition 4.31. For every (g, [I]) € Met X Ram the following hold:
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(1) The kernel of D', g consists precisely of the L harmonic | -twisted 1—forms and self-dual
5

2—forms respectively; that is:
kerDy., =3"(g.[1]) = {a e L’Q"(X\Z,1) : da =d*a =0} and
D9
kerD}zB’g =X* (g, [1]) = {B e L*Q*(X\Z,1) : df =d"B =0}.

(2) Pulling back along w: X — X induces isomorphisms
(g, [1) =HR(X)~ and (g, [1]) = HR(X)".

Here H&R(f{)_ denotes the subspace ofHaR(f() which is anti-invariant under the sheet-

swapping involution T and H;R()N()_ c HfiR()N()_ denotes a maximal subspace on which the
intersection form is positive-definite.

Proof. The proof is analogous to that of Proposition 4.27 using the fact thata f € Z (g, [1])
has an expansion of the form

B =Re(Az"V2dw A dz) + higher order terms.

Here w is a local complex coordinate on Z and z is a local complex normal coordinate. ]

Corollary 4.32. The vector spaces #* (g, [1]) and Z* (g, [1]) form finite rank subbundles of (114r X
idram)“E¥ — Met X Ram respectively. [ ]

Proposition 4.33. If (¢, [l]; @) € Harmy,, (or (g, [1]; f) € Harmy,, ), then
imL, =S}, (or imLg=S5p). ]
Proof. The proof is analogous to that of Proposition 4.29 using that
B =Re(Bz'/?dw A dz) + higher order terms.

Here w is a local complex coordinate on Z and z is a local complex normal coordinate; and,
globally, B € T'(Z, (T*Z ANZ*)* @ NZ71/2). =

Proof of Theorem 1.13. The proof is analogous to Theorem 1.10 using the above ingredients and
cosmetic modifications to track the chirality. ]

*

Remark 4.34. If (g, [I]; @) € Harmy,,,

then index of D}w , can be determined as follows. If X is a
closed oriented 4-manifold, then

HX) = D) = B (X) = =2 (x(X) + 7 (X)),
By [GS99, Lemma 7.1.7],

x(X) =2x(X) = x(2) and o(X) =20(X) - %[Z] -[Z].
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If Z is not orientable, then [Z] - [Z] needs to be interpreted accordingly. The orientation local
systems o of TZ and NZ agree. Therefore, there is a well-defined Euler class ¢(NZ) € H%(Z, o)
and [Z] € Hy(Z, ) and both can be paired.

As a consequence of Proposition 4.31, Proposition 4.33, and the above,

indexD}e;’g =dim# (g, [1]) — dim Z* (g, [1])
=~ (xR + 0()) + 2 (1(X) +0(X))
=~ (00 +0(X) + 2 1(2) + 1121 [2].

In fact, since « is non-degenerate [Z] - [Z] = 0. Therefore, in the case under consideration, the
correct term in Remark 1.9 is §(Z, [1]) = %X(Z).

Finally, here is how to obtain the index formula in Remark 1.9 for Br(I) = @. As in [AHS78,
Proof of Theorem 6.1], for the purpose of determining the index formula, there is no loss in
assuming that X is spin. Denote by § the real spinor bundle. There is some quaternionic line
bundle L such that S = § ®y L. By the Atiyah-Singer index formula [AS68, Theorem 5.3; LM38o,
Part III Theorem 13.10],

N 1
index D* = —(A(X)chy(L), [X]) = ZO’(X) + (c2(L), [X]).
The sign is a consequence of the real and complex chirality operators differing by a factor of —1.
It remains to determine {c,(L), [X]). Since p;(5*) = —c2($* ®c L) = —2(co($¥) + c2(L)) and
c2($7) = =1 (TX) = 3e(TX),

e3(L) = — 2 py(5*) - ca()

2
= 1085 + 2o (T 7 Le(1X)
- Toh i 3¢

1

=~ (5 + ZJ(X) - %e(TX).

The above combines to the stated contribution. »

Finally, here is a straight-forward construction of non-degenerate Z/2Z harmonic self-dual
2-forms on Kéhler surfaces.

Example 4.35. Let X be a Kihler surface and ¢ € H’(X, K;?z) transverse to zero. The latter
defines a holomorphic branched double cover X = {(x,0) € Kf?z : 02 = q(x)} — X. This
induces a ramified Euclidean line bundle [ with Z := Br(I) = ¢"!(0) and Re y/g € Q*(X\Z,1) is
a Z /27 harmonic self-dual 2—form.

It is not difficult to find X and g as above. By Bertini’s theorem, if |2Kx| is base-point
free, then a general ¢ € H°(X, Kf?z) is transverse to zero. A concrete example is a smooth
hypersurface X; C CP? of degree d > 4 and a general section of Kf?j = 0x,(2d - 8). o

By Theorem 1.13, the Z/2Z harmonic self-dual 2—forms obtained above persist under small
deformations of the metric on X.
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A Smoothing operators

The following appendix supplies the missing ingredient in the proof of Proposition 3.51; that is:
it constructs a family of smoothing operators for the scale of norms (||—||z« : k € No) defined

by

1800 = g lggee + IV lpgos + IwiogDpllier + 119106 DBl

Proposition A.1. There is a family of smoothing operators (S, : € € (0,1)) on Lzl"(NZ\Z,S° ® i)
such that for every e € (0,1), ¢ € L’T(U\Z,S®1), and k, € € Ny withk > ¢,

(A-2) ISedll i Ske €Nl e
(A.3) 1(Se = Dl ge Ske NSl e
(A.q) elo:Sedll gx Ske e Nl and
(A.5) ell0eSepll o Siee € Nl -

As explained in [BW25, §3.4], Fubini’s theorem and spectral theory imply that the Hilbert
space LT (NZ\Z,S ® 1) decomposes as

L*T(NZ\Z,S ® 1) = L*((0, o), rdr, L*(F,S ® I) = @ L2((0, 1), rdr; Ep ).
(Ap)eo

Here o C R? is a discrete subset and the E 2,u are finite-dimensional as in [BW25, Proposition
3.24]. Moreover, by [BW 25, Proposition 4.8], with respect to this decomposition

k
19I5 =t D D S N Bl

(Ap)eo £=0

and

o 2
1991 =t D (218l + I20a,le + Nordslly).

(Ap)eo

The model Dirac operator does not quite preserve E, , but rather the direct sum E3 , ® E_ (311),—p»
on which it is given by
A
b/l,,u::( H B ](ar"'%l).

J (ar - 7) —H
(The case (A4, ) = (—1/2,0) requires a bit more care as explained in [BW25, Definition 3.25],
but this is inconsequential for the remaining discussion.)

The proof of Proposition 3.52, applied to the model operator, gives

WiogVll e Sk llpll -
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Together with [BW 25, Proposition 4.8] and the above formula for lo)’l’”, this yields
A A
IpI2, =k D’ (||¢x,,1||;§+2 il + 1502l + 1wi0g (0 = H)pullyees
(Ap)eo

A A A
#1107 w10g 3 = D)l + 1Ewiog(0r = Dl )

Defining (S.) as the composition of a spectral cutoff at 7! in A and g, as in [Par23, Appendix

B; BW25, §4.5], and the following smoothing operators in the radial direction establishes
Proposition A.1.

Proposition A.6. On L?((0, ), rdr; C) define

k
Iplge = D (o) llmrree
=0

and for everyk € Ny and A € R set

19e = 18llges + 10l + 126l gsor + Iwiog (0 = D)l e
+ 118 wiog (3 = D)l + 12 wiog (3 — 2l

There is a family of smoothing operators (S, : € € (0, 1)) satisfying the analogues of (A.z), (A.3),
(A.4), and (A.5).

The family (S;) in Proposition A.6 is constructed by Mellin convolution with a family of
smoothing kernels o,; that is:

S0 = a0 = [ atrf156) T

0

The Mellin convolution *_4 on (0, co) is related to the (usual) convolution * on R via the isometry

T: L2((0,00),rdr;C) — L?(R;C) defined by

T(f)(x) =e*f(e);
indeed:
(f *a 9)(r) = T H(Tf % Tg)(r).
Denote by : L?(R;C) — L%(R;C) the Fourier transform. The Mellin transform
M : L*((0,00), rdr;C) — L3(R;C)

is defined by
M=FoT.

In particular,

Mf *.0 9) = M) A(g).-
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Combining the identifies T(rd,)T™! = 9, — 1 and Fa,F ! = 2xif shows that for every
¢ € C((0, ), C) the norms are expressed in terms of the Mellin transform by

(A7) 191 = Zn(rar)%nf_l,m SATWAC
=0
The following is the key to Proposition A.6.
Lemma A.8. Let y € C.°(R, [0,1]) and p € CZ (R, [0,1]) such that
Xli-111 =1 supp(y) € [-2.2], p(0)=1 and supp(p) <€ [-11].
Define the family of smoothing kernels (o, : ¢ € (0,1)) by
0e(r) = M (xe) (r)p(log(r))
with y.(&) = y(e£). The following hold:

(1) Foreverye e (0,1],k € Ny, andé € R

(A.9) |t (0:) ()] $pi €& 7E,
(A.10) |2 () (8) — 1] $pi €(E)E,
(Am) |edell (02)(8)] Sypk € F(EVF,  and
(A12) |e0e Ml () (8)] <y pi € (O

(2) Foreveryee (0,1],k€ Z,andé e R
|7 M (wiogoe)| Sy €(E)S and 0. M (Wiog0e)| S pk €().

Proof. (1) By direct computation, using [ p = p(0) =1,

(o) = xe sy M(o)=1=(xe—1)%p, and oull(0:) = dee * .
Since p € CZ(R) € S(R), p € S(R) and, therefore,

6O $pr (O 7"

By Young’s inequality and since || .||z~ < 1, [|€0; xellz~ < 1, and [[p] <p 1,

I (o)l <p 1, || M (0e) = 11> Sp 1 and  [[edel (0p) |1 Syp 1.

This implies (A.9) and (A.11) assuming e(£) < 4, and (A.10) and (A.12) assuming e(£) > 1/2.
Since [(£) — (| < 1€ = nl, if e(§) > 4 and [§ - | < 267, then

) > (O - =1 > ().
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Therefore and since supp(y) € [-2,2] and ¢ < 1, if e(£) > 4, then

|2 (0e) ()] </ A(E=mldn Spr e O s O

|E-nl<2e7?

Combined with the above observation, this proves (A.9) unconditionally. The same argument
also proves (A.11) unconditionally.

Since |& — n| < |€] + |n] < (&) + (n), if e(¢) < 1/2and | — y| > £, then

m>18=nl-( >

Therefore and since supp(y — 1) N [-1,1] = @ and (&)

171
5E
=

1,if e(¢) < 1/2, then
(o) (&) — 1] < / P(E—m]dn / iy 2 dn i & < (O,
[E—n|ze! [E—n|ze!

Combined with the above observation, this proves (A.10) unconditionally. The same argument
also proves (A.12) unconditionally.

(2) By direct computation,

%(Wlogo'e) = _7'[ LEp.

Since ||x/lli~ <y € and |led:-x/lli> S, & and supp(y.) € [—2¢!,2¢7'] and supp(y.) N
[-e71,e7!] = @, the above arguments prove the asserted estimates. [ |

Proof of Proposition A.6. Choose y and p as in Lemma A.8 and construct o, accordingly. More-
(V) ‘= w_,0, and 5€(V) = wlogag( ) Observe that ag(v) arises from
x and p*) defined by p*) (x) := ¢"p(x). In particular, Lemma A.8 applies to o) mutatis
mutandis.

By (A.7) and Lemma A.8 (1), (S¢ = 0 *4 — : € € (0, 1)) satisfies the analogues of (A.2), (A.3),
(A.4), and (A.5) with respect to ||—||HL;f

Therefore, it remains to analyse the behaviour of the five differential operators appearing in
=1l i with respect to S.. By direct computation,

over, for every v € R set ¢,

roy (o %4 @) = 0 * 4 o,
wy(0 %4 ¢) = wyo * 4 w,p, and

Wlog(o- *q P) =0 x4 Wlog¢ + Wiog0 *u P.

Consequently,

ar58¢ = 0'8(1) * ar¢,
25:¢ = oé” v 19,
Wiog(9r — 4)S, = ag Vs Wiog(9r — )¢+ 8 w4 (9, — D)9,
O Wiog (3 — 2)Sep = 0'6 Vs i drwiog (0 — 2)¢ + 88 %4 0,(3, — 2,
%Wlog(ar - _)S ¢ - Ue *.% Wlog(a - _)9{7 + 5(2) * M A(a %)d’
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This combined with

15 = D)llge < lwiog (97 = 2l
190 (3 = 2)llge S 1rwiog(dr = 2llge + 120 = 2l

12(9 = 2)¢llgge < 12 wiog (9 — %)¢|IH§,

ko

and Lemma A.8 proves the assertion. ]
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